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PROBLEM 1: MECHANICS

A. Determining the radius of curvature of a planar curve by means of Mechanics
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d. 0.5 point
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e. 0.5 point
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B. Springs on a circle

g. 0.5 point

According to the cosine rule:

I>=R*+r>—2Rrcos 2nz —aj
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h. 0.25 point + 0.25 point
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i. 0.25 point + 0.25 point

One can use the sum of a geometric progression having complex terms.
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j- 0.5 point

The force with which the n-th
spring is acting on the object is
F =kl

According to the sine rule,

) (2117[ J
. Sin -
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R l
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The torque of F,, equals
M, =r-F ssiny=

Rsin(;nﬁl —aj
— -k, - i -

n

= kRr sin 2nz -
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The total torque equals

- al . ( 2nrx
M=) M =) kRrsin -a |=0
3o, = el e
So the angular momentum is indeed constant.
L=mr’c

k. 0.5 point
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1. 0.5 point
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ZJ+Z.Z.—§—£j+a)2r=0
r r r
(#+2)(2+K)-28 - L+ (£ +K) =0

('z’+a)2z)z3 +Kiz+ KZ* + 2K’ 27 + K* o — 2 =0

m. 0.5 point

The first term of the equation cancels anyway.

—Ka’ A’ cos’ (art + ¢))+ Ko’ A’ sin® (art + ¢ )+ 2K’ A’ cos® (ot + ¢, )+ K’ — £ =0
LZ

Ko

Ko’A+K’0’ - =0=> A’=—-K

n. 0.5 point

r(t) = \/L —_ cos’ (wr+¢, )+ K =

__\/ﬁ cos’ (o1 + @)+ K’ sin® (o1 + @)
K

(0]

\/52 [1+cos(20t +2¢,) |+ K*w’ [ 1-cos (20t +24,) | =

1
oN2K

- 2K\/L + Ko’ (Lz—Kza)z)cos(Za)t+2¢0)
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But since the values of r repeat after every rotation by =, it means that the period of
the motion is

=

1
N+1

T=2rx

m
k

0. 0.5 point

L=0=£=0=r(t)=K [sin(ar+4,)|

L=0= a=0= a=constant
According to the previous part, except for the moments when r = 0 and a is not
defined, there will be two constant values for o, corresponding to two opposing
directions. So in this case the object will perform simple harmonic motion with
amplitude VK.
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p. 0.5 point

L fk |L|
r=constant =K = [/ - K* 2:0:‘—‘:[{ “(N+D)=>r= |———
m m wf(N+1)mk

q. 0.5 point

We can think of this situation as having N + | springs of positive constant k£ and
another (N + 1)/d springs of “negative” stiffness —k. The potential energy E, derived
in i. holds for both ensembles (with appropriate N and k) and angular momentum is
still conserved. Thus all the results from part j. onwards continue to hold if we replace
(N+1)by (N+ 1)+ [-(N+1)/d]. Thus

" :{N+1—N—+l}£:a)':a) ,1—1
d |m d
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Barem de evaluare i de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a problemei

Problema teoreticd nr. 2

Modelarea climei terestre
it'i:;l Sarcina de lfucru nr. 1 Punctaj
1.a. | Pentru: 0,70p
wg-7-Rs=0-Tp-4-7-R5 0,50p
w
expresia temperaturii medii la suprafata Pamantului T, = 7 S 0,20p
el
1.b. | Pentru: 0,30p
T, =279K t, =6°C 0,30p
it':le; Sarcina de lucru nr. 2 Punctaj
2.a. | Pentru: 0,70p
(1-A)ws - 7-RE=0-T's-4-7-R> 0,50p
. y - . 4 . . 1-A) wg
expresia temperaturii medii la suprafata Pamantului  T,'= 4 o 0,20p
el
2.b. | Pentru: 0,30p
T,'= 255K 0.30
t,'=-18°C =P
it':% Sarcina de fucru nr. 3 Punctaj
3.a. | Pentru: 2,50p
expresia energiei care ajunge la suprafata Pamantului in unitatea de timp, venind
de la Soare Eg=7-R5-w, - (1 —A)-a,; 0.30p
bilanful puterilor la suprafata Pamantului
(1= A)- W, -7 RE -ty + By =0 T4 - - 2 1,00p
unde E, este puterea radianta, datoratd atmosferei
bilanful puterilor in partea superioara a atmosferei
2 n4 2 1 ,OOp
(1-A)-w, 7-RE=c-T"4-7-R%-a, + E,
expresia temperaturii medii la suprafata Pamantului
T" —4 Ws i (1 B A) (avis + 1) 0,20p
P 4.0- (a,-r + 1)
3.b. | Pentru: 0,30p
T',=288K 0.30
t",=15°C ooP
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a

problemei
3.c. | Pentru: 1,20p
Caz I Il I v
W 1370 1370 1370 1370
Oyis 1 1 1 1 Ax
a;, 1 1 0 0 0,30p
A 0,3 0,0 0,0 0,3
T (K) 255 279 332 303
t"- (°C) -18 6 59 30
it':;ﬁ Sarcina de lucru nr. 4 Punctaj
4.a. | Pentru: 1,00p
W= s 0,50
* (1017 Rt
expresia temperaturii medii la suprafata Pamantului
TI"P =4 w 's'(1 — A)' (avis + 1) 0,20p
4.0 (a,-, + 1)
T'p = 267K
0,30p
t p=-6°C
itl: :11 Sarcina de lucru nr. 5 Punctaj
5.a. | Pentru: 3,00p
expresia ariei suprafetei ,oglinzii de sticla” din desertul Sahara s=Xx-7- ,‘?,2D 0,10p
expresia ariei suprafetei ,de capturd” a energiei solare
X
Scaptura :ﬂ'R.‘z’ _E'E'Rg
X 0,20p
Scaptura =7 RI23 '(1 - EJ
2 2
L L Senitator,p =47 Rp —Xx-7-Rp
expresia ariei suprafetei emitatoare ) 0,20p
Sem'tator,P =7 RP ’ (4 - X)
bilantul puterilor la suprafata Pamantului
) X 4 2 0,70
(1-A)-w, -7-R%. 1-5 |- s + E =a-(T p,Saha,a) -7 -R2-(4-x) 1Op
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a

problemei
bilantul puterilor in partea superioara a atmosferei
4
(1 - A)- w,-7-R3 -(1 —%j = O'-(TI"P,Saharaj 7R3 -(4— X)- a;, +E, 0.70p
X
1-A <+1) o
T p,sahara = 4 Ws ( ) (av’s + ) 2 0,20p
o a;, + 1) 4-x
T P,Sahara _ 0’20p
TIIP
1-X 4
E _ T P.,Sahara —k
1_X T'p 0,30p
4
unde k =0,9862
_4-(1-k)
- 2-k 0,20p
x =0,0544
aria suprafetei ,oglinzii de sticla” din Sahara s =7 -10%km?
o . . 6 0,20p
Observatie: Aria suprafetei Saharei este de 9-10° knt* .
TOTAL 10p

© Barem de evaluare si de notare propus de:
Prof. dr. Delia DAVIDESCU
Conf. univ. dr. Adrian DAFINEI
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a
problemei

PROBLEM 3: BLACK HOLES PHYSICS

a. 1.0 point

For Minkovski (flat) spacetime f{r) = g(r) = 1.
(ds)” =—c*(dt)’ +(dr) +r*(d6) +r*sin> 0(dg)’

b. 1.0 point
d 2
(ds)} == El—ﬁj(dt)z Ay =
r l_LS
’
o
(-
r dld C2 (1 _rsj
,
i)
2 2 T 2
d,’;+rscz 14t - rsz ! [d—rJ =0=>
dr”  2r Cz(l_rsJ 27 i \di
r r
B d’r _ _ﬁ
dr” 2r?
c. 0.5 point
The observer will always experience the same acceleration as in the classical case.
GM 2GM
a= —r—z fm— g = C—z

d. 1.0 point
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a
problemei

zﬂ dv dr ld(Vz)z_rSc2

di' drdf 2 dr 202

d(vz):rscz%dr:ﬂz2 :rSCZ%jLC

From the initial conditions, C = — rscz/ro, SO

I 1 2GM (
v=—c |i| ——— | =— —-—
ro, ry \r

Again, from the standpoint of the observer this is just the classical result.

e. 0.5 point

L O x(l—x)lrs—arccos(\/;)‘lrs]_

To To

<A
oo [ i e )|

And once again this is just the classic result for a falling body.

f. 0.5 point

(e
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a
problemei

& Fs (ro_r)

r—r.( dt ? r.r
5 - :1+_ 0 =
r dt Czr_rs

r
2
[dtj ro rr—rr
— = . j—t
dt r—rg ro(r—rs)

r T, —r dr r T, —r rr
dt:dl" 0 s __ ™, 0 S 0 —
r—r T c r—r , rs(ro —r)

|dr|. rogr nhokK

c r-rg\ry r,—r

But
r
—>1
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v, —r. dr|
u>1 :>dt>u._s
Fy—r c r—r
r r
>
r—ry  r—r

r=ry Ty r 1
J dt > j—s~ dr =
r=r I ¢ r—Ii

0 S
So from the point of view of someone outside the black hole, the falling observer
remains frozen just outside the black hole’s rim for an eternity, never crossing the
event horizon!! Of course, this result is just an approximation, valid in the idealized
regime in which the falling observer’s effect on the gravitational field (spacetime) can
be ignored.

g. 1.0 point

2
as =Y _ d(Mf ) _37Cks vram
T hc hc
8nGk M
By definition and common sense, no black hole, no entropy. So
4nGky,M*>  4rGk, ric'  kyc®
he  hc 4G 4AGh

S =
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a

problemei

h. 0.5 point

E iatea :(Ml +M, _]Vlnz)c2

ra

S,28+S, =2 A, >A+A=>M ,>M +M; =

E_ = (M1 M, — M+ M )c2

i. 0.5 point
s = dr dr _

\fG(r) \/G'(rh)-(r—rh)

r,+e 1 n+s 2\/;
R=| ds= -2,{1’—1’ =

;[ G'(n,) *h G'(r,)
J- 0.5 point
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Barem de evaluare si de notare

Se puncteazd tn mod corespunzdtor oricare altd modalitate de rezolvare corectd a

problemei
1. 1.0 point
d hc’
c_dU _ d(Mc?) _ 2 \8TGKT, ) ke’
dar,  dT, drT, 87Gk,T,;
m. 0.5 point
2 4 4 12 2aq02 6
W =0T, A= liz 4 47;14 4 47[.4G£‘4 - e 2772
60n°c” 8'7'G'kaM c 153607G"M
n. 0.5 point
_du hc® c’dM
W=-—= 2as2 =
dt 153607G"M dt
T 20 2 3
J- 153607Z'G M2dM = 51207[? M
0 M hC

For the given values, 7 is of the order of 10" s, which is approximately 10 times
greater than the age of the universe!!



