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SOLUTIONS TO THE PROBLEMS OF THE THEORETICAL COMPETITION
Attention. Points in grading are not divided!
Problem 1 (10.0 points)

Problem 1.1 (3.0 points)
Let a spacecraft of mass m start from the Earth surface. In order to be able to move away to infinity,
it must have the second cosmic velocity at which its total energy becomes zero
E =" MM _ g @)
2 RE
where G stands for the gravitational constant. From formula (1) we obtain an expression for the second
cosmic velocity

’ M
Vo = 26 R_z (2)

Now let us find the speed of the Moon's orbital motion v,, in the reference frame associated with the
Earth, and to do this we apply Newton's second law in the following form

2
My, UTM =F, €))
in which the force of gravitational interaction is determined by Newton's law of gravitation
MEgMpy
F=6—= 4)

From formulas (3) and (4), we find the speed of the Moon sought, which, with the aid of expression
(2), takes the form

, M R
vy = |G TE = UZE\/g- (5)

Let the apparatus cross the lunar trajectory far from the Moon, where the influence of its gravity can
be neglected. The velocity of the apparatus u relative to the Earth at the moment of crossing the Moon's
orbit is found from the law of energy conservation as

m¥ — g™ = o, ©6)

r

which yields
u= |26 =2vy. )

The velocity of the spacecraft IV in the frame of reference associated with the Moon after its entry
into the Moon orbit is determined by the vector difference in the velocities of the spacecraft and the Moon.
Its minimum value is equal to

Vinin = (\/E - l)va (8)
and the maximum value is
Vinax = (V2 + 1)vy. ©)

To find the desired quantities, we move to the reference system associated with the Moon and apply

the law of energy conservation in the form
2 mM mv?

mv . .
min _ = — mm1 (10)
2 Ry 2

mvrznax _ mMy mVr%lax (11)
2 Rm 2

and introducing the second cosmic velocity v,,, for the Moon

’ M ’M R
UZM == ZGﬁ = vZE M_I\:i (12)

we finally obtain the required values of the spacecraft speeds

Vmin = /V,fu-n + v3y = 2.45 km/s, (13)

Vmax = v Vilax + V34 = 3.45 km/s. (14)
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Formula (1): E = vz G";ME =0 0.2
E
Formula (2): vy = fZG% 0.2
E
2
Formula (3): My 2% = F 0.2
Formula (4): F = GMEMM 0.2

Formula (5): vy, = /G— = vZE\/% 0.2

Formula (6): m— —¢ME— 0.2

Formula (7): u = [2G TE = 2vy 0.2

Formula (8): Vipin = (V2 — 1)vy 0.2

Formula (9): V, ma = (V2 + 1)y 0.2
2

Formula (10): ™min _ G ™Mu _ MVinin 0.2

Ry 2
mM mV#lax

Formula (11): mv’z"“x -G~ 0.2

M My R
Formula (12): vy = fZG M= v, /M’;’R; 0.2

Numerical value in formula (13). Vpmin = 2.45 km/s 0.8
Numerical value in formula (14): vy4, = 3.45 km/s 0.8
Total 4.0

Problem 1.2 (3.0 points)
Let V be the volume of nitrogen in the gas holder, which is then pumped into the balloon.
Imaginarily, this volume can be placed in an elastic shell, then the surrounding nitrogen in the gas holder
does work on this gas

Ay, = PV. 1)
When inflating a balloon, the atmosphere also does work on the gas, which is negative and equal to
Agtm = —Poly. (2)

According to the second law of thermodynamics, work on a gas goes towards changing its internal
energy

Ay + Agem = U = Up. 3)
The internal energy in the gas holder and in the ball are respectively found as

Uy = vCy Ty, 4)

U=vC,T, (5)

where the molar heat capacity of nitrogen at constant volume Cy is expressed through the universal gas
constant R in the form

Cy=2R. (6)
Note that immediately after the gas holder valve is closed, the temperature of the nitrogen in the ball

differs from the temperature of the nitrogen in the gas holder itself.
Let us write the equation of state of an ideal gas for nitrogen in the gas tank and the balloon

PV = vRT,, (1)
PV, = VRT, (8)
and solving the resulting set of equations together, we find
V= 27—7 = 3.86 mole. 9

Here the condition is used that a volume of 22.4 liters under normal conditions contains 1 mole of gas.
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Formula (1): A, = PV 0.4
Formula (2): Agtm = —PoVy 0.4
Formula (3): Ay + Agtm = U — Uy 0.2
Formula (4): U, = vCy Ty, 0.2
Formula (5): U = vC, T 0.2
Formula (6): C, = gR 0.2
Formula (7): PV = vRT, 0.2
Formula (8): PV, = vRT 0.2
Numerical value in formula (9): v = 2—77 = 3.86 mole 1.0
Total 3.0

Problem 1.3 (3.0 points)
Since each bulb is a point source of light, the light from each bulb at any position of the screen
creates a clear picture of shadows in the form of an enlarged image of the grid. The size of one cell of the

image Ax is easily expressed through the specified distances
L+S

szaT. 1)
Av,
al%
o N, B
— s
Ax

The image of the grid created by the light of another bulb will simply be shifted by some value §x.
This shift is directed parallel to the "shift" when moving from one bulb to another. Therefore, the images of
the grid wires parallel to the line of the bulbs will be clear at any position of the screen, the shadows
perpendicular to the line of the bulbs will be "blurred".

If the distance between the bulbs is h, then the magnitude of the image shift will be equal to

S
§x =h. @)

- L g
R : :

It is easy to understand that the image created by all the bulbs will be clear and sharp if the amount of
shift when moving from one bulb to another is an integer number of image cells, that is, when

6x = mAx. 3)
Using the previously obtained formulas (1)-(2), we find
Sm=Li—. )

—m
a
Given the numerical data given in the problem statement, the numerical values of possible screen
positions are given in the table below.



XXl International Zhautykov Olympiad/Theoretical Competition

m

1

2

3

4

S, CM

2,56

6,90

15,8

44,4

p. 4/12

As an illustration, we present a drawing showing the “spread of shadows” from the grid (the
proportions are not preserved, the vertical size is greatly increased).
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Content

Points
Formula (1): Ax = aLTJ'S 0.2
Formula (2): 6x = h% 0.2
Formula (3): 6x = mAx 0.2
Formula (4): S,,, = L —— 0.4
——m
Numerical values in the table: 0.5 for each correct value 2.0
Total 3.0
Problem 2. First estimate of the age of the Earth (10.0 points)
Fourier's Law of Thermal Conductivity
2.1 According to Fourier's law, the heat flux in the left rod is equal to
. T-T;
Jo1 = —2K . 1)
and the heat flux in the right rod is found as
. T,—T
Joz = —K—— (2)
In steady state the heat flux should be the same in both rods
le = jQ2, (3)
from which we find
T =21tz — 500, (4)

2.2 The heat flux along the rod must remain constant, which yields the differential equation
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izd—T = b = const, (5)
T4 dx
whose solution has the form

——=bx+C, (6)

where C is a constant of integration.
Taking into account the boundary conditions

T(0) =Ty, (7
T() =Ty, (8)
we obtain the following final expression for the temperature dependence
T(x) = ——mv €)
1-(-m)7

2.3 When ice forms near its contact with the lake water, the temperature is 0°C, which causes a temperature
difference of At = |t|. Let us consider a portion of ice surface of the area S, assuming its thickness to be h.
Then the amount of heat released into the environment at the point of contact during time dt is equal to

5Q, = k3 Sdr. (10)
During the process of water crystallization at the point of contact with ice, the amount of heat
released is found as

5Q, = ApSdh. (11)
By equating these amounts of heat §Q, = §Q,, we obtain the formula
dr = %hdh, (12)
which after integration gives the final answer
2
=22 —545.103s. (13)
2K|t|

Electrothermal analogy
2.4 Ohm's law for the electric current density has the form j; = oF = —0o ’;—f, and the electric current density

itself is associated with the flow of electric charge, so the table of correspondence between thermal and
electrical quantities takes the form shown below.

Thermal value Electrical quantity
temperature T electric field potential ¢
amount of heat Q electric charge q
heat flux j, electric current density jg
thermal conductivity coefficient k| specific conductivity o

2.5 It follows from the electrothermal analogy that the cube can be represented as an equivalent electrical
circuit, shown in the figure below.

T, T Tg

Since the temperature in the electrothermal analogy is a potential, and the resistances of all ribs are

the same, we obtain the relation
Tp—Ta Tc—Ta

— = —1—, (14)

6 3

whence
Te = £ (3T4 + 2Tp) = 60°C. (15)
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2.6 Let us add another heat source to the system at point A’, which is located diametrically opposite to point
B, and also another heat sink at point B’, diametrically opposite to point A, see the figure below, which
shows the side view.

Obviously, each of the pairs AB’ and A'B makes the same contribution to the heat flux at point C,
equal in magnitude
, P
Joo = 5o (16)
On the other hand, the total heat flux at point C is equal to the vector sum of two mutually

perpendicular fluxes j,o, and it, as follows from the symmetry, is exactly twice the desired one, therefore
V2, P

Jo = 2100 = S Gmn 17)
The first estimate of the Earth age

2.7 The amount of heat Q stored in a kettle is proportional to the cube of its size R, that is,

Q~R3- (18)
and the power P lost by it due to heat transfer is proportional to its surface area

P~R2, (19)

Therefore, the required time is proportional to the size of the teapot and is
7 ==E7y = 2,56 10° h = 2.92 - 10* years. (20)
0

2.8 Since the thermal conductivity of the core is infinite, its temperature T, is the same everywhere,
including at the boundary with the mantle. According to the electrothermal analogy, the temperature
difference T, — T is the potential difference (voltage), and the radiation power from the Earth's surface is
determined by the Stefan-Boltzmann law

P = 4mR:0T* (21)
and is similar to electric current, so there is a linear relationship between them

where the quantity R, represents the so-called thermal resistance.
Using the same electrothermal analogy, thermal resistance is written as
_lRe ar _ 1 (1 1
Rr = kJRo 4mR2 ~ 4mk (RO RE)’ (23)
from which we finally obtain the temperature of the Earth's core
4 -
To =T +ZRERERD) - 484 107K. (24)
0

2.9 Since the transferred heat (current strength) is the same, we obtain the proportion for the temperature
To—T _ Tu-T

_TuT (25)
RT Ry
where the thermal resistance of a spherical layer of thickness H is given by the expression
H
Ry = yr—vy (26)
Thus, we obtain the temperature at depth H as
Ty =T+ (T — T) —2_ = 1.86 - 10*K. 7)
Re(RE—Ro)

The actual core temperature is, of course, much lower, since the thermal balance with the Sun must
be taken into account.
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2.10 The change over time in the amount of heat stored in the core is equal to
Q _ nih

ac Mo (28)
where the mass of the core is obtained as
4 3
m= gﬂpRo- (29)
According to the law of energy conservation we have
@Q__p (28)

dt
where P is given by expression (21).
The core temperature T, is given by formula (24), in which the first term can be neglected (T, > T),

so we finally obtain
d_T _ KRE

== ——dr. (29)
T cpR5(RE—Ro)
By integrating and expanding the exponential, we find
_ KRETT _ . —2
= ey = 3147 107K (30)
Content Points
Formula (1): jg, = —Z;cT_lT1 0.2
Formula (2): jo, = —KTZ;T 0.2
2.1 | Formula (3): jo1 = jo2 0.2 1.0
Formula (4): T = 2= 0.2
Numerical value in formula (4): T = 50°C 0.2
Formula (5): izd—T = b = const 0.2
T4 dx
Formula (6): —% =bx+C 0.2
22 | Formula (7):T(0) =T, 0.2 1.0
Formula(8): T(l) =T, 0.2
Formula (9): T(x) = ——— 0.2
()
Formula (10): 6Q, = K%Sd‘[ 0.2
Formula (11): 6§Q, = ApSdh 0.2
23 | Formula (12): dt = %hdh 0.2 10
Formula (13): T = ii—lhtzl 0.2
Numerical value in formula (13): 7 = 5.45- 103 s 0.2
2.4 | 0.2 for each correct value in the table 4x0.2 0.8
Correct equivalent circuit 0.4
Formula (14); 12574 = Tc7Ta 0.2
2.5 6 - 3 1.0
Formula (15): T¢ = = (3T, + 2Tp) 0.2
Numerical value in formula (15): T, = 60°C 0.2
R 0.5
’6 Formula (16): joo = 2z Lo
' ci= 0.5 '
Formula (17): jo = T
Formula (18): Q~R3 0.2
27 | Formula (19): P~R? 0.2 1.0
Formula (20 T = %ro 0.3
0
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Numerical value in formula (20): T = 2.56 - 108 h = 2.92 - 10* years 0.3
Formula (21): P = 4wR%0T* 0.2
Formula (22): Ty, — T = PRy 0.2
R= 1 (L_ 1 0.2
28 Formula (23): Ry = — (RO RE) 1.0
4 —
Formula (24): To = T + ——££-%0) Ri(}fE Bo) 0.2
0
Numerical value in formula (24): T, = 4.84 - 10K 0.2
Formula (25); 2% = 221 0.3
RT Ry
"R, = 0.2
29 Formula (26): Ry = prr: 10
ST = —7)—HRo 0.3
Formula (27): Ty =T + (T — T) Re(RaRD)
Numerical value in formula (27): Ty = 1.86 - 10*K 0.2
L | 0.2
Formula (28): — = cm—
Formula (29): m = %npRS 0.2
Formula (30): &2 = —p 0.2
2.10 L = 1.2
Formula 31): — = ———>—dt 0.2
T cpRG(RE—Ry)
. — KRETT 0.2
Formula (32): AT RZ(Rp—FRe)
Numerical value in formula (32): AT = 3.14 - 1072K 0.2
Total 10.0

Problem 3. Dirac's monopole (10.0 points)
Introduction
3.1 It is easy to establish that the dimension of the magnetic charge is equal to [g,,] = A - m, therefore we
obtain

x;=1;x,=1;x3 =0;x, = 0. (@)
3.2 Calculation using the given formula leads to the answer
L=1.69-10"7Hn. (2)

Classical description
3.3 Since the average normal component of the magnetic induction vector over the cross-section is known,
the magnetic flux through the ring is equal to

® = nR?B,(x), @)
and the induction EMF in the ring is determined by M. Faraday's law of electromagnetic induction
do
€ina (%) = ——, 4)
from which we finally find
. _ _dedx _ 2 43 3%
Eina(x) = 2~ VTR*Boa (x2+a2)%. (5)

The graph of this dependence is shown schematically in the figure below.

[\

“ind
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3.4 Since the ring is superconducting, the induction EMF that occurs in the ring when the external magnetic
flux changes is compensated by the self-induction EMF, that is,

dl
€ind — LE =0, (6)
from where, taking into account formula (4) and integration with the initial condition, we obtain
@ BomR?  a®
) =-2=-2mC_ ()
(x2+a?)2

The schematic graph of this dependence is shown in the figure below. Up to a negative coefficient,
this graph repeats the graph of the dependence of the magnetic flux through the ring on the ring coordinate.

l

X

3.5 As follows from the obtained expression (7), after the magnet flies away through the ring, the final
current in the ring is found to be zero, that is
3.6 In the frame of reference associated with the monopole, the electrons in the ring are subject to the
Lorentz force, whose magnitude can be represented as
F (z) = —eVB,(2), 9)

where B, denotes the radial component of the magnetic field induction vector of the monopole. The minus
sign appears because in this frame of reference the velocity of the ring is negative.

The radial component of the induction vector in this case can be easily expressed using the formula
given in the problem formulation:

B(z) =t~ (10)
4T (R2472)2
Thus, the dependence of the Lorentz force on the ring coordinate has the form
F (z) = —eyiim_ R (11)
AT (R2422)z

This force always points in one direction, which means that the resulting formula is valid for any
values of the ring coordinate.
3.7 The induction EMF in this case is equal to the work of the Lorentz force to move a single charge along
the ring

2mRF(2) mV  R?
Eina(z) = L = _“Oqz 3 (12)
(R2+22)2
The schematic graph of this dependence is shown in the figure below.
£

ind

3.8 From formula (6) we find the current strength by integrating, taking into account that dz = —Vdt, and
also using the initial condition

_ __ Hodm _ 4
I'= 2L (1 \/R2+zz)' (13)

The schematic graph of this dependence is shown in the figure below.
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/

3.9 After the monopole passes away through the ring (z = —o0), the ring current “remains”, whose strength
is equal to

Ip = — =2, (14)

Thus, unlike when a magnet passes through a ring, there must be a residual current that can be
attempted to be detected in an experiment!

Quantization of magnetic flux in superconductors

3.10 Cooper pairs are accelerated in the ring due to the action of the Lorentz force, therefore, using formula
(12), which relates the force with the EMF arising in the ring, as well as M. Faraday's law (4), we obtain the

following equation of motion of an electron in the ring
w_ _ e (15)
Me st = " 2nR at’

where v designates the speed of its motion.
The angular momentum of a pair of electrons relative to the center of the ring is equal to

M = 2m,vR, (16)
therefore, the sought relationship takes the form
AM = —ZA®. (17)

i
3.11 Considering that the change in the magnetic field of the induced current is equal in magnitude and
opposite to the change in the magnetic flux of the external field and taking into account N. Bohr's
quantization rule, we find

@0 =~h=2.06-10""° Wb. (18)
3.12 From formula (7), which relates the change in flux to the current in the ring, we obtain
Al, = % =1.22-1078A. (19)

Estimating the Dirac Monopole Mass
3.13 The induction of the magnetic field of a monopole is determined by the formula from the problem
statement, and since the magnetic field of a monopole is spherically symmetric, the total magnetic flux
through a sphere, whose center coincides with the monopole, is equal to

D = poGm, (20)
and since it is quantized
® = ng,, (21)

where n is an integer, then from expressions (20) and (21) we infer that the magnetic charge is also
quantized

Gm =22 (22)
From formula (22) we conclude that the elementary magnetic charge is equal to
Gmo = 2= = 1.64-107%A - m, (23)
Ho elo

3.14 Since the change in the magnetic flux through the ring during the flight of the Dirac monopole is equal
to one quantum of the magnetic flux, the change in current in the ring is equal to the previously found value

Al = Al, = 1.22 - 1078A. (24)
3.15 The energy of the electric field of a sphere of radius r, uniformly charged over the surface can be
calculated using the formula

W, = —2= (25)

871'807'0 )

Equating this energy to the rest energy
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W, = m,c?, (26)
we find the classical radius of the electron
2
Ty = —m:mecz =1.40-10"15m. 27)

3.16 The energy of the magnetic field of the Dirac monopole W, is found by analogy with the electric field
energy of electron (25) as

_ HoGho
W, = e (28)
Equating this energy to the rest energy
W,, = m,,c?, (29)
we obtain for the sought mass ratio
Mm __ H0€0 im0 _ m \? _ ) 3
o — ool (ez%) =1.17- 105, (30)
Content Points

3.1 |Formula(1):x; =1;x, = 1;x3 = 0; x4 = 0, 3a kaxaoe 10 0.2 0.8 0.8

3.2 | Numerical value in formula (2): L = 1.69 - 10~'Tu 0.6 0.6
Formula (3): @ = nR?B,(x) 0.2
Formula (4): €,q(x) = —Z—f 0.2
Formula (5): e;,4(x) = VIR?Bya3 —2— 0.2

3.3 (x2+a?)2 1.2
Qualitative graph:

Tends to zero at infinity 0.2
Passes through the origin 0.2
Two local extrema, maximum and minimum 0.2
Formula (6): €inq — L% =0 0.2
Formula (7): I(x) = — 2™ __a® _ 0.2

3.4 L 2+ar2 0.8
Qualitative graph:

Tends to zero at infinity 0.2
Extremum at the origin 0.2

35 |Formula(8):1, =0 0.2 0.2
Formula (9): F;(z) = —eVB,(2) 0.2
Formula (10): B, (z) = &dm % 0.2

3.6 (10): B (2) =" (R2+22)2 0.6
Formula (11): F,(z) = —ev &im__ & 0.2

AT (R2422)2
Formula (12): gjq(z) = —2dm? R 0.2
2 (R2+z2)2

3.7 | Qualitative graph: 0.6
Tends to zero at infinity 0.2
Extremum at the origin 0.2

= _Hm (g 2
Formula (13): I = " (1 W) 0.2
Quiality graph:

3.8 | Tends to zero at plus infinity 0.2 0.8
Reaches a constant value at minus infinity 0.2
Monotonic in nature 0.2

3.9 | Formula (14): I; = —“"Lqm 0.2 0.2

om W __& 4% 0.2

3.10 Formula (15): m, i 0.6

Formula (16): M = 2m,vR 0.2
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Formula (17): AM = —%Adb 0.2
Formula (18): ¢, = =k 0.2
3.11 2 (18): 9o = 0.4
Numerical value in formula (18): ¢, = 2.06 - 10~°>Wb 0.2
312 Formul.a (19): AI(? ; 0.4
Numerical value in formula (19): Al, = 1.22-1078A 0.2
Formula (20): @ = uyqy, 0.2
Formula (21): @ = ng, 0.2
. _ . %0 :
313 | Formula (22): g, =n . 0.2 10
Formula (23): ¢ymo = % = 3 0.2
0 0
Numerical value in formula (23): g0 = 1.64-10"°A-m 0.2
3.14 | Formula (24): Al = Al, 0.2 0.2
Formula (25): W, = S;Zr . 0.2
070
315 Formula (26): W, = megz 0.2 0.8
' e ___® 0.2 '
Formula (27): ry = P —
Numerical value in formula (27): 1, = 1.40 - 10~ *°m 0.2
2
Formula (28): W, = % 0.2
0
216 Formula (29): W,,, = m,,c? i 0.2 0s
' .Mm Mo€OQr2no _ T 0.2 '
Formula (30): s e (ezcuo)
Numerical value in formula (30): Tn—m =1.17-103 0.2
Total 10.0




