
Theory Q2-1
English (Official)

Air shower
Part A. Electromagnetic shower (2.0 points)
Bremsstrahlung

When passing through matter, charged particles interact with the atoms and molecules of the mate-
rial and, as a result, lose their kinetic energy. There are various mechanisms of energy loss: ionization
of matter, bremsstrahlung, production of electron-positron pairs, and others. The fraction of energy
lost through each of these mechanisms depends on the parameters of the particle and its motion —
its kinetic energy, the particle mass, and its charge. In this problem, we will consider ultrarelativistic
(𝛽 ≃ 1, 𝐸kin ≫ 𝑚𝑒𝑐2) electrons (as well as positrons — positively charged electrons), for which the main
mechanism of energy loss is bremsstrahlung.

In shower physics, the concept of radiation path length is introduced. It depends not only on the
distance traveled, but also on the density of the medium in which the motion takes place. In fact, the
radiation path length indicates the number of "layers'' of matter passed through by the particle. The
radiation path length of a particle in matter can be calculated using the formula

𝑥 = ∫
𝑧2

𝑧1

𝜌(𝑧)𝑑𝑧, (1)

where 𝑧1 and 𝑧2 are the geometric coordinates of the beginning and end of the particle's motion (in
meters), and 𝜌(𝑧) is the density of the medium.

An ultrarelativistic electron 𝑒− (or positron 𝑒+) moving in air can spontaneously emit a photon 𝛾, which
carries away part of its energy. This process is probabilistic and follows an exponential distribution in
length. This means that if an electron starts moving along the 𝑥-axis from the point 𝑥0 = 0, then the
probability density that a photon will be emitted at the point with coordinate 𝑥 is

𝑓(𝑥) = 1
𝑋0

𝑒−𝑥/𝑋0 , (2)

where 𝑋0 is the radiation length of the material. It is a constant and does not depend on the parameters
of the particle's motion or on the density of the medium. In shower physics, the distance 𝑥 is measured
not in the usual units for us (meters), but in radiation lengths:

 

[𝑥] = [𝑋0] = [g/cm2]. (3)

For air, the value is 𝑋0 = 36.2 g/cm2.

High-energy photons passing through matter also interact with it. The interaction mechanisms include
the photoelectric effect, Compton scattering, and electron-positron pair production. At high energies,
the dominant energy-loss mechanism is electron-positron pair production. A photon interacts with the
electric field of an atom and produces one electron and one positron. This process is also probabilistic
and follows the same exponential distribution with the same radiation length 𝑋0 as for electrons.

Heitler Model

In this problem, we will work within the simplified Heitler model. In this model, bremsstrahlung is not
a probabilistic process but a deterministic one. An electron moving through matter emits one photon
every time it travels a certain radiation path length 𝑑𝑒, which we will call the splitting length. During
this emission, the total energy of the electron is divided equally between the electron and the emitted
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photon. The electron continues its motion and emits one photon every splitting length 𝑑𝑒 until its en-
ergy falls below the critical energy 𝐸crit

𝑒 , below which ionization losses in air begin to dominate and the
development of the electromagnetic shower ceases. For an electron in air, 𝐸crit

𝑒 = 88 MeV = 88 ⋅ 106 eV.
Accurate calculations show that the splitting length 𝑑𝑒 is related to the radiation length𝑋0 of thematerial
by

𝑑𝑒 = 𝑋0 ln 2. (4)

The interaction of photons with matter is also simplified in this model. After traversing one splitting
length 𝑑𝑒 (the sameas for electrons), a photon (whose energymust exceed𝐸crit

𝑒 ) converts into an electron-
positron pair, with the total photon energy divided equally between the two particles.

The development of an electromagnetic shower initiated by a single high-energy photon in matter is
shown schematically in Fig. 1a. At the 0th step, there is one high-energy photon. After traversing one
splitting length, the photon converts into an electron-positron pair. At the next step, after traversing
another splitting length, the electron and positron each emit one photon, which in turn initiate their
own showers. Thus, the shower continues to grow until the energies of the particles fall below the critical
energy, at which point the development of the electromagnetic shower terminates.

Fig. 1. Schematic illustration of shower development in air.

Problem

A photonwith energy𝐸𝛾 = 10 GeV = 10⋅109 eV enters air of constant density 𝜌0 = 1.3 kg/m3. The electron
charge is 𝑞𝑒 = −1.6 ⋅ 10−19 C.

A.0 Using the given value of the radiation length of air 𝑋0, calculate the splitting
length 𝑑𝑒. Express your answer in g/cm2 and round it to one decimal place.

0.2pt

Note: Wewill call the number of shower generations 𝑛 the quantity , which denotes howmany successive
splittings have occurred since the beginning of the shower development.

A.1 Determine the number of shower generations 𝑛max after which the energy of
the particles in the shower becomes less than the critical energy.

0.4pt
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A.2 Determine the geometric distance 𝑙𝑒 traveled by the shower (in m) in air by the
time the maximum number of particles is reached.

0.4pt

A.3 Determine the maximum number of particles 𝑁max in the shower. 0.2pt

A.4 Determine the total charge 𝑄𝑒 (in C) carried by the electrons in the shower by
the time its development ceases.

0.8pt

Part B. Hadronic shower (2.0 points).
Theory

When charged hadrons (protons 𝑝 or pions 𝜋±) pass through matter, the situation becomes somewhat
more complicated. In addition to electromagnetic interactions, hadrons also undergo inelastic interac-
tions with the nuclei of the medium via the strong interaction. An inelastic interaction means that new
particles are produced in the interaction, carrying away part of the energy. For example, the interaction
of a proton 𝑝 with a nucleus 𝑁 can be represented schematically as

𝑝 + 𝑁 → 𝑁 + hadrons. (5)

In this problem, wewill use a simplifiedmodel of inelastic interactions. Let us assume that, in an inelastic
interactionwithmatter, the initial charged hadron (a proton or a pion 𝜋±) transforms into 9 charged pions
𝜋± and 6 neutral pions 𝜋0, with the energy distributed equally among them in the direction of motion of
the initial hadron. Analogously to the electromagnetic shower, such a splitting occurs every hadronic
splitting length 𝑑ℎ. In air, the hadronic splitting length is 𝑑ℎ = 57 g/cm2.
After the splitting, the neutral pions 𝜋0 immediately decay into two photons 𝛾, with the energy shared
equally between them. The charged pions 𝜋± continue to propagate and undergo inelastic interactions
with matter every splitting length 𝑑ℎ until their energy falls below the critical energy 𝐸crit

𝜋 . For pions in
air, 𝐸crit

𝜋 = 20 GeV.
Once the critical energy is reached, the shower development ceases, and the charged pions decay into
muons 𝜇± and neutrinos 𝜈𝜇, which carry away energy without interacting with the medium:

𝜋± → 𝜇±𝜈𝜇. (6)

Thus, when charged hadrons pass through air, a hadronic shower develops. It consists of an electromag-
netic component (neutral pions decay into photons and initiate electromagnetic shower) and a hadronic
component (charged pions generate further hadronic showers). The development of a hadronic shower
initiated by a single high-energy proton in matter is shown schematically in Fig. 1b. A proton enters the
medium and, after it travels one hadronic splitting length 𝑑ℎ, transforms into five 𝜋+, four 𝜋−, and six
𝜋0 mesons. Each neutral pion then decays into two photons 𝛾, which initiate electromagnetic showers,
while the charged pions continue propagating until, after traveling another hadronic splitting length 𝑑ℎ,
they generate the next generation of the hadronic shower. In this process, a 𝜋+ produces five 𝜋+, four
𝜋−, and six 𝜋0 mesons (just like the proton), whereas a 𝜋− produces four 𝜋+, five 𝜋−, and six 𝜋0 mesons.
This process continues as long as the particles have sufficient energy, that is, until their energies fall
below the corresponding critical values.
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Problem

In a collider experiment, a leak occurred, and a proton with energy 𝐸𝑝 = 7 TeV = 7 ⋅ 1012 eV entered the
atmosphere filled with air of density 𝜌0 = 1.3 kg/m3.

B.1 Determine the maximum number of generations of the hadronic component
of the shower 𝑛max

hadr.
0.4pt

B.2 Determine themaximumnumber of generations of the entire shower 𝑛max
EM , tak-

ing into account the electromagnetic component.
1.0pt

B.3 Determine the fraction of the shower energy carried away by muons and neu-
trinos 𝛽miss. Round your answer to two decimal places.

0.6pt

Part C. Air shower (3.0 points).
A cosmic-ray proton of ultra-high energy 𝐸 = 100 TeV enters the Earth's atmosphere vertically from
above and initiates a hadronic shower. Assume the atmosphere to be isothermal, with an exponential
density profile:

𝜌(ℎ) = 𝜌0𝑒− ℎ
𝐻 , (7)

where ℎ is the altitude (in meters) above the Earth's surface, 𝜌0 = 1.3 kg/m3 is the air density at sea level,
and 𝐻 = 8 km is the atmospheric scale height.

С.1 Determine the altitude ℎstop at which the shower development ceases. Express
your answer in kilometers and round it to one decimal place.

1.3pt

C.2 Determine what fraction of the shower energy, 𝛽EM, ends up in the electromag-
netic component. Round your answer to two decimal places.

0.5pt

After the shower development ceases, its radius can be estimated as

𝑅stop = 𝑋0
𝜌 ⋅ 𝐸𝑠

𝐸crit𝑒
, (8)

where 𝐸𝑠 = 21 MeV.
Note: The shower radius is defined as the mean value of 𝑅 over the shower particles:

𝑅 =
∑
𝑖

√𝑥2
𝑖 + 𝑦2

𝑖

𝑁 ,

where 𝑥𝑖 and 𝑦𝑖 are the geometric Cartesian coordinates of the shower particles relative to its center.

С.3 Estimate the shower radius 𝑅stop at the altitude ℎstop. Express your answer in
meters and round it to the nearest integer.

0.2pt
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Assume that the shower radius 𝑅 decreases inversely proportional to the air density as it propagates
downward without energy losses:

𝑅 ∝ 1
𝜌 . (9)

C.4 Estimate the area of the shower 𝑆 at the Earth's surface. Express your answer
in m2 and keep 2 significant figures.

0.2pt

Assume that the particles propagate at the speed of light 𝑐 = 3 ⋅ 108 m/s, and that the thickness of
the shower front is determined by the difference in path lengths of particles diverging at an angle
𝜃 ≈ 𝑅stop/ℎstop.

C.5 Estimate the characteristic signal duration Δ𝑡 at a detector located on the
Earth's surface at the center of the shower. Express your answer in ns and
round it to one decimal place.

0.8pt

Part D. Data Analysis (3.0 points).
To detect particles in high-energy physics, various types of detectors are used. In this problem, we con-
sider a scintillation detector as an example. When a particle passes through such a detector, it produces
optical photons (i.e., visible light), which are then detected by photomultiplier tubes (PMTs). In this sys-
tem, a particle generates a digital signal in the detector that is proportional to its energy. One can
introduce a proportionality coefficient 𝜅. Neglecting detector noise, a particle with energy 𝐸 striking the
scintillation detector is registered with an amplitude 𝐴:

𝐴 = 𝜅𝐸.

Problem

A photon 𝛾 with initial energy 𝐸0 enters the Earth's atmosphere vertically downward, toward the center
of the Earth, and initiates an electromagnetic shower. A highly granular scintillation detector is installed
on the ground. This means that the detector consists of many cells, each of which is a system composed
of a scintillator and a PMT. The arrival coordinate of a particle is determined by which detector cell was
triggered, while the signal amplitude is obtained from the PMT.

You are given a table with digitized detector data. Each row contains three variables:

𝐴 — signal amplitude,

𝑥cm — coordinate of the triggered detector along the 𝑥-axis (in cm),

𝑦cm — coordinate of the triggered detector along the 𝑦-axis (in cm).

Assume the atmosphere to be isothermal, with an exponential density profile as a function of altitude:

𝜌(ℎ) = 𝜌atm𝑒− ℎ
𝐻 , (10)

where 𝜌atm is the air density at the Earth's surface and 𝐻 is the atmospheric scale height.

D.1 Determine the coefficient 𝜅 of the detector at the Earth's surface. 1.0pt
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D.2 Determine the energy of the initial photon 𝐸0. 0.5pt

D.3 Calculate the atmospheric density at the Earth's surface 𝜌atm. 1.5pt

Fig. 2. Example of the 2D histogram of the detector signal at the Earth's surface.


