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Ilpo'le-rere BHHMaTeJrno! 

qaCT ll'bpBa H 'laCT BTOpa C'b,IJ,bp:»<aT YCJIOBmrra Ha 38,11.a'IHTe C'bOTBeTHO Ha cppeH­

CKH H attrmlRCKH e3HK. E,IJ,HHCTBemlTe B'bHlllHH ,ll,OKyMeHTH, Ha KOHTO HMaTe npaBO, ca 

cppeHCKH H aHrJUIBCKH pe<mHIJ.H. YnoTpe6aTa Ha KMKyJiaTOPH e Il03BOJieHa. 

IlpH on.erumaaeTO Ha 38,11.a'-IHTe romn.1a Te:lKeCT m.e 1-U,laT SICHOTaTa H CTHJI'bT Ha H3-

JIO)KelIHTe pememrn H apryMenTall,IDI. He i-13nomnaiiTe H3JlllII1Ua npo3a B apryMeHTHTe 

CH, 61.,,n,e-re KpaTKH, TO'IUH H RCUH. lfanoJI3BlllleTO Ha cxel\lH 3a OHarJie,D,ru3at1e na pa3C'b)K­

,n;eHIDITa BH e :»<enaTeJIHo. IIHme'l'e caMo Ha e3HKa, KOHTO cTe H36panH ( cppeHcKH 

HJJH aHrJIHiiCKH). 

3a,u.a'lJITe HOCRT e,IJ,HaKbB 6pott TO'{J{],I. Pa:mpe,n.eJIRttTe speMeTO CH pa3yMHO: aKo ce 

3aTpyp,HHTe Ha ,n_a,n,eH B'bITpoc HJIH 3a,n_a~Ia, MO:»<eTe cnoKotmo .n.a npO,D.'bJI)KHTe HaTa'M>K H 

.n.a cc B'bpHCTe K'bM Hero IlO-K'bCHO. 
Pa3nonaraTe c 4 "l.aca. Ycnex! 



Part II 

English 

Problem I (10 points) 

Phase-detection autofocus 
This problem studies a simplified phase-detection autofocus system of the type used i11 si11gle-le11s reflex 
cameras. The main camera objective is modelled as a t hin converging lens (L) with optical centre 0 , 
object and image foci F and F', and image focal length f' =OF'> 0. 
After unfolding the optical path produced by two redirecting mirrors, the autofocus module can be 
represented on the same a.xis as the objective. It contains a field lens (LC) of focal length /~ = 12 mm, 
two separator microlenses (£S1) and (£S2) of equal focal length J! = 3 mm, and two linear sensors 
(Ci) and (C2). The microlens centres are separated by 2a = 2 mm. Each sensor contains 48 equally 
spaced photodiodes along a 1 mm line; use the sampling pitch d = 1 mm/48. 
An electronic unit compares the two recorded intensity profiles. Their relative shift gives the sign and 
magnitude of the focusing error; a controller then drives a servomotor that translates the focusing 
group. 

I. Formation of a sharp image 

1. State the Gaussian conditions and approximations under which the thin Jens (L) is used. 
2. The object is represented by a segment (AB) perpendicular to the optical axis and its image by 
(A' B'). The point C is where the image sensor meets the axis. Define 

p=OA, p' = OA', x =CA, xo = co, x' = CA'. 

Algebraic distances are positive from left to right, in the direction of light propagation; transverse 
segments are positive upwards and angles are positive counterclockwise. 

(L) 

B 

F 0 F' 
X 

------------D...,_ _________ ..-. 

Figure 1.1 - Image construction by the camera lens. 

a) Starting from the Descartes thin-lens equation 

derive the transverse magnification relation connecting AB, A' B', p and p', and hence obtain Newton's 
conjugation relation connecting FA, F' A' and f'. 

b) On the copy of the figure provided on the supplementary sheet, construct (A'B') with a ruler 
using two principal rays. Check the position of A' using Newton's relation. Is the image formed 011 the 
sensor? 

3. Let D = IACI be the object-to-sensor distance and T = OC = -xo > 0 the Jens-to-sensor distance. 

9 



• • • • l b ' t d r obtain the two possible solutio11:~ 
a) Assnmmg thnl. the obJccllvc hes bctwc<'n l ,ie o JCC an scnso , for T . Retain the solution T < D /2, corresponding to the objective close to the sensor, and show that 

D - JD2 - 4D/' T= 2 . 

b) Find the condition on D and f' for these positions to be real. Give a geometrical interpretation of the limiting cose. 
c) Determine T00 when the object is at infinity. 
d) For f ' = 50 mm, the objective must focus between infinity and Dm1n = 40 cm. Calculate the required travel o = T(Dm1n) - T

00 • In which direction must the lens move as the object approaches? e) A full-frame sensor of dimensions 36 mm x 24 mm contains 24 million square pixels. The camera must resolve the 10 cm width of nn object at 2.0 km; require its image to !!pan at least two pixels. Neglecting diffraction and aberrations, determine the minimum focal length. The numerical data in this part are independent of pa.rt, d}. 

II. Study of the autofocus module 
Aft.er unfolding the optical path, the system is represented below. The point S is where the micro lens plane meets the axis and P is where t he photosensor plane meets it. 

(L) 
(LC) 

0 
I O..c 

(LS1) -0 Y 
0 -- CL -- - - _¼. - Jl. - -_/}1---- a f 

B' 

Figure 1.2 - Unfolded model of the phase-detection autofocus module. 

Wl1en focus is correct, t he intermediate image (A' B') is formed in the plane of the field lens (LC), whose optical centre is Oc, The microlenses lie in the image focal plane of (LC), so OcS = J:.. 4. First consider the correctly focused configuration. 
a) The plane containing.(LC) is conjugate to the photosensor plane through each microlens. Determine the distance SP. · 
b) On the corresponding figure on the supplementary sheet, complete the construction of the secondary images (A!B?) and (A;Bq). The points A! and A;, which are images of the axial point A' , lie at the respective centres of (C1) and (C2)- Compare the orientation of the secondary images with that of (A'B') . 
c) Explain the role of the field lens: why does it allow both microlenses to receive bundles from the same point of the intermediate image? Which measured quantity carries the defocus information? d) For the axial point A', use the geometry of the figure and the small-angle approximation to determine the two chief-ray angles f31 and /32 in terms of a and f~. State their signs, then calculate their magnitude. 

5. The objective remains fixed and the initially focused object moves by a small distance t.x > 0 towards the camera. The prim~ry image point then moves by t.x' beyond the sensor plane. Use f' = 50 mm for numerical applications. 
a) Starting from the thin-lens equation, show to first order that 

t.x' = ( D ~ Tr t.x. 
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For D = I.Om and 1::.x - l 0cm fir·t I J t A ' • h 

3 
) 1 

. · - · ' 8 ca cu u c ux using t e exact value of 'f obtained in Qut'lltion 

a , t 1en give the estimate obtained from D » T and T ~ J'. 

b) A', which lies to the right of (LC), is o. virtuo.l object for that leus. If A~ is its image through ' 

(LC), show that 

Justify the approximation OcA~ ~ t:.x'. 

_c) * Using the approximation from po.rt b), let s = J; - t:.x' be the new object dh1tance for the 

m1crole11ses. Use their conjugation relation to show that both secondary images undergo the same 

longitudinal displacement 

t:,," - II_ 3 I 

( 
f l )2 

X 1 - t:.x2 - !~ - 1; t:.x. 

d) * Using the rays through the microlens centres, show to first order that 

at:.x' 
t:. fh = - J{l . 

In the fixed photosensor plane, the centre of each profile follows the chief ray. Using the distance SP 

found in Question 4a), show that 

t:,, 11 SP Af3 af~ A , 

Y1 = u I =+!~(!~_JD ux , 

Calculate t:.xf, t:.x~, t:.yf and t:.~ numerically. 

A II SP A 11- af~ t:. , 
uy2 = u vi = - f t(!~ _ JD X • 

e) Describe the relative shift of the two intensity profiles on the sensors and calculate its value. 

Compare it with the photodiode pitch d. Briefly explain why correlation of the complete intensity 

profiles may nevertheless measure a shift smaller than one pitch. How does the sign of the shift 

distinguish focus in front of the sensor from focus behind it? 

6. The objective is now moved so that the image is formed again on the sensor. The algebraic leus 

displacement t:.xL is positive in the direction of light propagation. 

a) What is the sign of t:.xL when the object has approached, so that t:.x > 0? 

b) Linearising the thin-lens equation while the object and lens move simultaneously, show that 

r2 
KL = - D(D - 2T) 

For D = 1.0 m and t:.x = 1.0 cm, first calculate KL and t:.xL using the exact value of T, then give the 

estimate obtained from D » T and T ~ J'. 

7. Describe a complete autofocus loop: acquisition of the two profiles, estimation of their relative shift, 

determination of the error sign, motor command, and stopping criterion. Also give one situation in 

which phase-detection autofocus performs poorly. 
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Problem II (10 points) 

How an Asteroid Forms Its Core 
We i;tudy a fictitious spherical Mtcroid called IJalkanin. It is initially homogcncow~: iron iR uniformly 
dispersed in silicate mntcrinl. A collision heats it and produces part.la! melting. Iron droplets may then 
sink and form a metallic core. The model is deliberately simplified; any additional assumption must be 
stated clearly. 

Subparts marked * arc more difficult. They may be left for n second poss; no later question depends on 
them unless tl1c required result is supplied o.goin. 

b 

• • • 

n 

collision .. - settling .. 
n 

before collision: dlspen,cd Iron partially molten body 

• Fe - silicntc,, 
schematic, not to sculc 

after differentiation: met.Allie core 

Figure 11.1 - Collis ion, partial melting, settling, and core formation. 

Data for Balkania. 

Initial radius 
Initial iron volume fraction 
Silicate density 
Iron density 

,. 

Mean specific heat capacity 
Initial temperature 
Qnset-of-melting temperature 
Effective latent heat of melting 
Thermal diffusivity 
Surface emissivity 

R = 2.0 x 105 m 
<I>= 1/8 

p~ = 3.0 x 103 kgm-3 

pt = 7.0 x la3 kgm-3 

C = 1.0 X 103 J kg-1 K - 1 

To= 1250 K 
T., = 1400 K 

L = 2.5 x 105 Jkg-1 

,;, = 1.0 x 10- 6 m2 s-1 

~ = 0.80 

Collis ion. The impactor is spherical, has radius b = 8.0 x 104 m, and has the same composit ion 
and mean density as Balkania. Its speed at infinity is u00 = 4.0 x 103 m s-1. Balkania is treated as 
fixed during the approach. The collision is perfectly inelastic: the bodies remain joined. A fraction 
x = 0.50 of the kinetic-energy loss during the collision is converted into uniform internal energy of 
the merged boq.y; mass loss is neglected. 
Iron droplets. Their radius is a = 5.0 x 10-3 m. The dynamic viscosity of the molten silicate is 
1/ = 20 Pas. 

I. Impact heating and partial melting 

1. Determine Balkania's mean density p. Then calculate the iron mass fraction. 
2. Let M be the mass of Balkania and m the mass of the impactor. 

a) Calculate M , m, and the ratioµ= m/M. 
b) Using conservation of the impactor's mechanical energy during the approach, show that 

2 2 2GM 
Vimp = Uoo + R + b, 
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where V1mp is it.s speed just before contucL Calculate v1m and comment on tltc importunrc of 

gravitational accelerntion. P 

3 .. Let V be the common speed of the two bodies i111111edintely nfter the coll ision. 

a) Using conservation of momentum, express V . Show that the kinetic-energy loss during the collision 

is 
1 Mm 2 

Eross = 2 1\tl + m V1rnp• 

b) Show that the deposited energy per unit moss of the merged body is 

X /J, 2 
Qimp = 2 (I + µ)2 V1rnp• 

and calculate it. 

c) The energy c(T., - To) first heats the body to T.,. The remaining energy causes melting at 

approximately constant t emperature. Determine the molten fraction x. Iron droplets can move when 

x ~ Xe= 0.30. Does the collision trigger differentiation? 

- d) * Neglecting gravitational acceleration during the approach, determine the minimum impactor 

radius bmin < R required to reach exactly x = Xe-

II. Sinking of iron droplets 

In Parts II-IV, to keep the model analytically simple, use Balkania.'s initial values Rand Mand neglect 

the mass increase caused by the impactor. The gravitational field is approximated by that of the initial 

homogeneous sphere of density p. You may use the result that a homogeneous spherical shell produces 

no gravitational field at an interior point. 

0 

centre of Balkania 

towards the centre _ 
V 

~ Fctr Q a Fv enlargement ___ .,► .. 

IF,,rl = (PJ - p,)Va(r) IFDI = 61r,1av 

moving iron droplet 

Effective weight drives the droplet inward; Stokes drag opposes the motion. 

Figure 11.2 - Position, velocity, and force balance of an iron droplet. 

4 . At a distance r ~ R from the centre, show that the gravitational field s trength is 

41rGp 
g(r) = -

3
-r. 

Calculate the surface acceleration g(R). 

5. After differentiation, all the iron forms a pure spherical core of radius Re. By conserving the total 

iron volume, determine Re/ R. 

6. An iron droplet of volume V is at distance r from the centre. 

a ) Talcing account of weight and buoyancy, show that the inward resultant force has maguitude 

F = (PJ - Ps)Vg(r). 

b) At low Reynolds number, the Stokes drag force has magnitude Fv = 61r17av. Assuming terminal 

speed , show that 

( ) 2(p f - Ps)a2 
( ) 

Vt r = 9TJ gr . 
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c) Calculate vi( R). Check the consistency of the Stokes regime using 

Re = 2p3 av, . 
rJ 

7. *Over o. very short time interval, take the position r o.nd hence v1 as constant. Establish t he equation 
of mot.ion of n droplet rclcnsed from mit in t he form 

dv Ut - v 
dt = - r-

Exprcss und calculate r. Estimate the distance v,(R)r and justify the terminal-speed nssumption used 
in Question Cl. 

8 . Consider a droplet initially at the surface. Since g(r) ex r, write v1(r) = k r . 
a) Obtain an expression for k , then calculate the settling time tsct from R to Re. 
b) Deduce the dependence of tsct on a and 17. Determine the minimum droplet radius a100 that 

reaches the core in less than 100 yr, with all other data unchauged. 
9. * At the end of differentiation, calculate the field g1(Rc) just outside the core, neglecting the field of 
the outer mantle. Compare it with the initial homogeneous field g;(R.,J. Docs the calculation of t sci 
tend to overestimate or underestimate the actual final settling time? 

III. Energy released by differentiation 

Assume radial ordering is preserved: the iron initially contained inside a sphere of radius r is found , 
after differentiation, inside a pure iron sphere of radius r1. 

initial state 
dispersed iron shell 

dVt = ,p411:r2dr 

r 1 = <J,113r = r / 2 

final state 
shell inside the core 

Conservation of iron volume imposes the same radial scale factor on every shell. 

Figure 11.3 - Radial mapping of iron shells during differ entiation. 

10. Show that r1 = r/2. 
11. For a small iron volume initially at distance r, approximate its displacement as a motion from r to 
r /2 in the initial field. 

a) Show that the gravitational work released per unit iron volume is 

ir 1f 
w(r) = (Pf - Ps) g(s) ds = 2Gp(pt - Ps)r2

. 
r/2 

b) The iron volume initially contained in the shell (r, r + dr] is dV1 = </,4rrr2dr. Hence obtain the 
total released energy, 

12. Assume that this energy is fully converted into heat within the asteroid. 
a) Calculate the mean temperature rise 6Tdm = E diff/(Mc). Compare it with the impact heating. 

14 



· b} Determine the radius R .. for which <liffercntiu.t.ion alone wo11ld prod11c<' a mean t.mnpt:n.1,t urr ris,! 

of 100 I<, with n..11 other data unchanged. Interpret the re:mlt . 

IV. Does the asteroid cool too quickly? 

13. At temperature T~ , radiation received from space is neglected . 

a) Cnlculate t he initial radiated power 

b) In an isothermal modd, the molten fraction x first solidifies at T ~ T~. Taking t he radiated power 

as constant and equal to its value in part a), estimate the time t 8()1 required to remove the la tent heat 

MxL. 
c) * After solidification, write the differential energy balance governing T(t) when the radiated power 

varies as T 4 . Using the mathematical hints, calculate the time t acns required to cool from 1400 I< to 

1300 K. Estimate t;80 = t801 + ts,ms and compare it with l sct· 

thermal radiation 

...,-e cold crust 
thickness f. 

-+--H-..!:w:.::ar::.;m:.:.: interior 
forming core 

1\vo limiting models at compar1d: a n isothermal interio r and purely d iffus ive transport. 

Figure 11.4 - Thermal structure, surface radiation, and diffusion depth. 

14. In a solid or a liquid without efficient mixing, heat diffuses over a distance of order 

a) Calculate f. during tset and compare it with R. Also estimate the diffusion time R2 
/ K across the 

entire asteroid. 

b) The exact volmne fraction in the surface layer of thickness e is 

flayer = 1 - ( 1 - ! r 
Estimate it, then explain how a cold crust can coexist with an interior that remains partially molten. 
Conclude whether the core can form within the diffusive model. 

c) * How would very efficient internal convection modify this conclusion? A qualitative discussion is 

sufficient. 
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Annexe : constantes et relations utiles 

Reference sheet : constants and useful relations 
Constantes communes / Common constants 

G = 6.67 x 10- 11 m3 kg-1 s-2 , 

1 an= 1 yr = 3.16 x 107 s, 

Franc;;als 
Les relations ci-dcssous pcuvent l\tre utilisres dircctement. 
Elles ne remplacent pas le choix et la justification du mod~le 
physique. 
Probl4\me I - petites variations et optique 
Pour 191 « 1 rad : 

sin8 ~ tan8 ~ 8. 

Au premier ordre: 

F(z + ~ z) - F(z) ~ F'(z)~z, 

~G) ~-~:-
Probl~me II - seuil, ~uations et int(!grales 
Pour la question 3d) : 

q,. = c(T, -To)+ XcL , 

2q. 
y = XU&,' 

µ 
(1 + µ )2 = y , 

yµ 2 + (2y - 1),~ + y = 0. 

La racine physique vl!rifie 0 < µ < 1. 
Si dv /dt = (v, - v )/r et v(0) = 0 : 

u (t) = v1(1 - e_,,,.) . 

Si dr/ dt = - kr: 

lntl!grales utiles : 

lr 3r2 
s ds = - , 

r/2 8 

{ n Rij 
lo r 4dr = s · 

J T - 4 dT = - 3~ 3 . 

Pour lzl « 1 : (1 - z)3 ~ 1 - 3z. 

u = 5.67 x 10-s W m- 2 K- 4 , 

ln 2 = 0.693, 1 rad= 57.3°. 

English 
Tho relations below may be used directly. They do not 
replace the choice and justification of a physical model. 
Problem I - small changes and optics 
For 181 « 1 rad: 

sin8 ~ tan0 ~ 8. 

To first order: 

F(z + ~ z) - F(z) ~ F'(z)~ z, 

Problem II - threshold, equations, and integrals 
For Question 3d): 

q< = c(T. -To) + XcL , 

2qc µ 
y = XU&,' (1 + µ)2 = Y, 

yµ2 + (2y - l)µ + y = 0. 

The physical root satisfies O < µ < 1. 
If dv/ dt = (v, - v)/ r and v (0) = 0: 

1G 

v (t ) = v1(1- e_,,,.). 

If dr / dt = -kr: 

Useful integrals: 

lr 3r2 
sds = 8 , 

r / 2 1R ~ 
r 4 dr= - , 

0 5 

JT - 4 dT = __ 1_ 
3T3 ' 

For lz l « 1: (1 - z)3 ~ 1 - 3z. 
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