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NPEANCITIOBUHE

Maremartuueckuit ananus B Buge AuPPepeHIINaIbHOTO W HHTE-
rpaJibHOTO wucumcjaeHuit O6bl1 co3zaH B XVII Beke Kak WHCTPYMEHT
ecTecTBOo3HaHUA. Ero omenoMmisaioniad spGHeKTUBHOCTE CTajla OUeBUIHA
cpasdy, W C TeX IIOp OH IIPOYHO BOIIEJ B apceHasJ YUYEHBIX M HHIKEHe-
poB. IlosTomMy pamHee 1 OBICTPOE BHAKOMCTBO C 3THUM IIPEJIMETOM Upes3-
BBIUAMHO IIOJIE3HO /I NTKOJBHUKOB, a TaKiKe CTYNEeHTOB BCEX CIIEIIU-
anpuocTeii. IIpu 3TOM OH JOJMKEH C CaMOro Hauaja M3JaraTbCsA B CBSA3U
C ero TPUIOKEHUAMHU B (PU3UKE U APYTUX EeCTeCTBeHHBIX HayKaX.
Panu OpIcTpOro 3HAKOMCTBa MOYKHO 000#THCEH 6e3 00A3aTeJbHON Mare-
MAaTHUYECKON CTPOTOCTHU, KOTOpas MOKeT OBITh Ao0aBjieHA IIO3Ke, KO-
TJla OCHOBHBIE HJIeU Yy:Ke sICHBI. B aT0i Gpolriope caesiaHa HMOMBITKA TO-
IOOHOTO M3I0KeHNA. MHe X0TeJoCh cleslaTh U3JI0KeHNe MaKCUMAaJILHO
KpaTKHM 4, B TO K€ BpeMsd, II0Kas3aTh peajbHbIe ImpuaoskeHud. O6pas-
moM Juid MeHdA cay:kuia kuHura fI. B. 3empmoBuua «Bricmiaa maTema-
TuKa AJaA HaumHaommx» (M., 1960)*). Ogmako sTa KHHUTra BCE-TaKU
TpedyeT 3HAUUTEJILHOTO BPEMEHHU OJA MU3yUYeHUsA. UTOOBI eIfé OGoJIbIile
COKPATUTh OYTh K IPUWJIOKEHUAM, A HCIOJIb30BaJl 3HAHUA IO MarTe-
MaTUYECKOMY aHaJu3y, KOTOPbIEe MOJI’KHBI MMETH IIKOJBLHUKU IIOCTIE
okoHuaHua 10-ro kKJjacca.

B cyirHocTH, TpeaMeT, 0 KOTOPOM UIET peub, — 3TO IpocTeiIme
nuddepeHINATbHBIE YPaBHEHNA, BO3HUKAIOIINME B MPUKJIATHBIX 3aja-
yax. BBITH MOXKeT, unuTaTeJaM HeGe3LIHTEePEeCcHO Y3HAThb, UTO OCHOBHOE
oTKpbiTHe M. HhIoTOHAa, KOTOpOe OH CUEN HYKHBIM 3aCEKPETUTDH U OMy-
6JIMKOBaJl B BHUAE aHArpaMMbI, COCTOUT B CJEAYIOmeM: «3aKOHBI IIPU-
poanl BeIpasKaioTcsa auddepeHIInaIbHBIMU ypaBHEHUAMU » ¥%), SpKuit
mpuMep NpuMeHeHUsa auddepeHInaIbHbIX YPaBHEHUN — OTKpPLITHE
Henryna, coenamnoe B 1846 r. I:x. Agamcom u Y. JleBepbe Ha OCHO-
Be HEe3aBUCHUMO IIPOBEAEHHBIX PACUETOB C MCIIOJb30BaHHEM HAaOJII0JAaB-
mieiici aHOMAJIMY B ABUKEHUU ¥ paHa — IIOCJIeJHeld M3BECTHOU Toria
IJIaHeTbl. MHe X0TeJaoch, UTOOBI MIKOJbHUK, aKTUBHO MHTEPECYIOIA-
cA MaTeMaTHKOI, o0paTuj BHMMaHWE Ha BaKHOCTL AuddepeHInalb-
HBIX ypaBHEHHUIl B caMOM Hauajie CBOUX CEPhE3HBIX 3aHATUMH.

9ra OpolIopa OCHOBaHA Ha JIEKIIUAX, IBAKILI IPOUNTAHHLIX MHOU
B KpacHOApCKUX KpaeBbIX JIETHUX IMKOJAaX 10 €CTeCTBEHHBIM HayKaM
IS MTKOJIBHUKOB, OKOHUUBIIIUX 10-#1 Kitacc. BoepBhie aTH JIeKITUT OBLIN
onybJIuMKOBaHBI B KHuUre «Ha cThIKe Bcex Hayk. HayuHo-MeTommue-
CKHe MaTepuaJjbl JIeTHEH IIKoJIbl» (u31-Bo KpacHospckoro yH-Tta, 1989,
cc. 124—177). I ¢ GoONBIINM YAOBOJHLCTBHUEM BCIIOMHHAIO 3aMeuaTesb-
HyIo arMochepy KpacHOApCKUX IMKOJ UM Upe3BBIUAMHO OJiarogjapeH MX

*) CM. TakiKe Iocjefyioliue M3TaHUA 3ToM KHuru wiam KHury $1. B. 3eapmoBuua u
H. M. fdrsnoma «Beicmias maTeMaTuka JJisi HAUMHAOIUX (PU3UKOB U TeXHUKOB» (M., 1982).

*%) ITur. mo: B. 1. ApHoab . OOGbIKHOBeHHBIe Au(DPdepeHIInaIbHbIe YPABHEHU.
M., 1984.



opraHm3aTopaM 3a IIPeOCTAaBJICHHYI0 MHE BO3MOYKHOCTb TaM PaboTaTh.
S Becbma OyaromapeH TakKsKe coTpyaHuMKam wusnareabcTBa MITHMO
3a UX BOOPOKEIATEeTLHOCTh U 3(h(HEeKTUBHOCTS.

O PELLUEHMM NMPUBEAEHHBIX B TEKCTE 3A[AM

Pemenne 3amgau Heo6XOOMMO AJISI OCBOEHUA MaTepuajia 3TOUH Opo-
mriopel. Ho ciaemyer mMmeTh B BUIY, UTO OCHOBHBIE 13 IIPUBENEHHBIX
37lech 3a/lay He ABJAIOTCA IOJIHOCTHI0O MaTeMarnueckumMu. Tounee, peun
UAET 0 3a7lauax Ha COCTaBJeHUE U pelneHVe AudGepeHInaIbHbIX YPaB-
HEHUM, BKJIOYAsS HOBeJeHUE 3aJJauM [0 YKUCJIOBOTO OTBETA, UTO BAKHO
B IIPUJIOKEHUIAX.

IIpu pemernm sTHMX 3amad KeJaTEJIBLHO COOJIIOAATH CJIENYIOIYIO
IOCJIeJOBATEJIbHOCTD NelCTBUII:

1-i sTam — cocTaBjeHMNe AUPPEPeHITINAILHOTO YPaBHEHUS C OYK-
BEHHBIMU JTAHHBIMU;

2-f1 aTam — pelIeHre COOTBETCTBYIOIIEro auddepeHnnaIbHOTo
YPaBHEHUSA U MOJydYeHUEe OYKBEHHOTO OTBETA, aHAJM3 9TOTO OTBETA;

3-# sTam — moJy4YeHWE UYMCJIEHHOTO OTBeTa (IIOJCTAHOBKA UMCEJ]
B (hopMYyJIbl, MOJIYUEHHBIE HA BTOPOM JTare).

ITepBrIii aTAmm COCTOUT B HAXOXKJEHUN MATEMAaTUUECKOTO OIVCAHUA
ABJIEHUA Ha A3bIKe AuddepeHINaTbHBIX YPaBHEHUM. JTOT 3Tal He OT-
HOCUTCA K YMCTOM MaTeMaTukKe, HO OH, MO BCE BUAMMOCTHU, ABJIAETCS
CaMbIM BajKHBIM M HamboJee TPYIHBIM.

Ha BTOpOoM »Tame mpMMeHAIOT MaTeMaTUYECKWH aHaau3 IJd pe-
IIeHUsA TOJIYUYeHHBIX AuddepeHNMaNIbHBIX yYpaBHeHUH. Vcmoab3oBanme
Ha IEePBBIX IBYX dTallaX YMCJIOBBLIX MAHHBIX 3aJaul MOKET 0Kas3aTbCs
TPOMO3IKUM UM BPESHBIM [JIA IOCJEAVIOIIero aHaausa. Hciau OyKBeH-
HBIX O00O3HAUEHWI BCeX WJIM HEKOTODPBIX BEJWYUH B 3aJadye HET, TO
clenyeT WX BBeCTU. AHAIW3 MOJYYEHHOTO B OYKBaX OTBETa NOJIKEH
y0equTh Bac B IPABUJIBHOCTH COCTABJIEHHOTO yYpaBHeHUA (HY)KHO aHa-
JU3UPOBATh (hU3MUECKUe CJIEICTBUA MOJYUYEHHBIX (DOPMYJ U UX IIpe-
IeJbHBIE CJIy4Yau, YTOOBI HMOHATH, COOTBETCTBYET JIM OTBET 3APaBOMY
CMBICTY U (DMB3UUECKOH peaIbHOCTHU).

Ha tperbem sTame moacTaBasioT yucyga B (HopMyJsibl, He 3a0bIBas
0 exmHUIAX. VHOTAA I1e71€C000pa3HO IMOJCTABJIATEH YMCIa IPAMO C €IU-
HUIlAMU, JaHHBIMHU B 3amaue (YKa3bIBasd eJUHUIILI ABHO), U JIAIIL IIOTOM
mpeo0pa30BLIBATh €AUHUIILI (IIPEXKIEeBPEMEHHBIN EePEBOJ B eAUHYIO CHU-
CTEMY MOXKET OKas3aThCsA HESKOHOMHBIM, TaK KaK HEKOTOPHIE €JUHUIIHI
U3MepPeHUsa MOTYT COKPATUTHCs). TOYHOCTL BHIUMCICHUH MOJIMKHA COOT-
BETCTBOBATH TOUHOCTU JAHHBLIX 3aJaum.

IIpumeps! perieHuii Mo 3TOH cXeMe JaHBI B TEKCTe OPOIITIOPHI.

He cumraa 3azay ¢ GuanyecCKUM M €CTECTBEHHO-HAYUYHBIM COZAEP-
JKaHmeM, B OPOIIIIope IIPUBEEHO eIé HeCKOJIbKO OTIeIbHBIX 3a/4a4, B KO-
TOPBIX TPedyeTcsa MPUOIMIKEHHO BLIUNCINTD HEKOTOPEIe BeInUnHbI (663
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MUKDPOKaJIbKyaATOpa). B KpacHoApPCKOI JleTHEH ITKOJIe TOYTH He OBLIO
MUKPOKAJBKYJIATOPOB, a ObLIM OymMara # aBTOPYYKH, TaK YTO STOT CIO-
cob BBIUMCJIEHU OB, IO CYIIEeCTBY, BBIHYKAEHHLIM. Ho UM cTOUT Bja-
IeTh JasKe IPU HAJUYUU KOMIBIOTEDPOB, ITOCKOJBKY, BO-IIEPBBIX, BCe-
rIa TMOJIE3HO I'PYy0O0 OIEHUTH OTBET C IIeJbI0 YOEeAUTHCA B MPABUJIBLHOCTHU
BBIUMCJIEHU, CAEJaHHBIX C TIOMOIILI0 BBIUMCJIUTENIHLHOTO YCTPOMCTBA,
a BO-BTODHIX, TaKVe BBIYNCICHUA UMEIOT PA3BUBAIONIYIO POJIb, TTO3BOJIAA
JIy4Ille TOHATD Pa3HbIe 3aKOHOMEPHOCTH,, CBA3LIBAIOIIIE BEJTUUNHBI U DYHK-
UK, YBUAETH 0€3 BEIUUCICHUH MTOPAMOK TeX MW WHBIX BeJIUUNH, BCTPe-
YaIOINXCA B MPAKTUUECKUX 3afauax. [Ipy Haauuuy HeGOJIBIIIOTO OIIBITA
BBIUMCIEHUA ¢ TOouHOCThI0O 10% (a aTO TUIHMYHAA TOUYHOCTH, TpPebdye-
Mas B NPUBEAEHHBLIX 3aJadax) MOTYT OBITh CAeJaHbl OUYeHb OBICTPO —
3a IMapy MUHYT, a IPU U3BECTHOU TPEHUPOBKE M 34 HECKOJIBKO CEKYH[.

Bamm yecunusa 6yayT Bo3HArpasKIeHbI TeM, UTO IIOCJE PEeITeHNA KarK -
JOM M3 TaKUX 3aJad BhI Oy/eTe JIydIlle HOHUMATh OKPY KAIOIIUI Bac MUDP.

§ 1. IPOM3BOAHAA KAK MITHOBEHHAA CKOPOCTb.
NPABUITA ANDDEPEHLIUPOBAHUA

ITycTs Kaxkoe-To Teso (MaTepuaabHasA TOUKA) OIBUIKETCA BIOJBb IIPSA-
Moii (HampuMmep, BepTUKaJbHOM). O0osHaumMm uepe3 2z(f) KOOpAWHATY
9TOTO TeJja BAOJL JaHHOM IPAMONM B MOMEHT BpeMmeHu f. Hauamo Ko-
OpAMHAT HA NPAMON MOXKHO BBIOpATh IIPOM3BOJbHO. CpegHsas CKOPOCTH
IBI)KEHWS Ha OTpe3Ke BpemeHU [f, | At] paBHa

_2(tFAD—z(t) Az
Veplt, 1At =TT EE 22,

3necs At — uso60oe HeHyJeBOoe HefiCTBUTENbHOE UMCIIO. YCTpeMIdas At
K 0 mpy (pUKCHPOBAHHOM f, IOJYYNM MIHOBEHHYIO CKOPOCTH B MOMEHT
BpeMeHU ¢, KOTOpasd B MaTeMATHUKe HA3bLIBAGTCSI Npou3so0Holl QMYHK-
nuu z 1o t u obosHavaerca 2’'(t) WanM mpocTo 2’, ecJum MOMEHT ¢ IPOM3-
BOJIEH WJIM SICHO, O KaKoM { MAET peub. Takum o0pasom, MPOM3BOLHAS

2’=2’(t)=@= lim leim Az

dt A0 At At—0 At
TIpeiCcTaBIAeT cO00H MTHOBEHHYIO CKOPOCTH ABMIKEHHUS B MOMEHT Bpe-
MeHu t (OTHOIIEHME NYTHU, MPOUAEHHOTO 3a 0OECKOHEUHO MAJbIN IIPO-
MeKYTOK BpPEeMeHU, K BeJIMYNHE 3TOTO MPOMEXKYTKA C YUYETOM 3HAKOB).
Ecimu 2/(t)<0, To B MOMEHT BpeMeHH ¢ TeJ0 ABUTAJOCh B CTOPOHY
YMEeHbBIIeHNA KOOPAMWHATEHI 2.

B nmanpHeiinem mnpu ymnoTpebieHWN IPOU3BOAHON KaKOU-In00
dyuRIUU 2(t) TOApPa3yMeBaeTcCs, UYTO 3Ta IIPOU3BOAHAA CYIIECTBYET
(ma GyHKIMiT, BecTpedyalonuxca B (DU3UKe, STO BHIIIOJIHAETCSA, KaK IIpa-
BUJIO, BCIOAY, 38 MUCKJIIOUEHUEM, OBITh MOXKET, OTAEJNbHBIX 3HAUEHU t).
71 KOHKPETHBIX (YHKIIMI CyIlecTBOBaHWE IPOM3BOIHBIX OOBIYHO
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JIETKO yCTaHABJMBAETCA M3 IpaBu quddepeHINPOBaHNA, HO MBI He 0Y-
JeM cHenualbHO CIeIUTH 3a HTUM, YTOOBI He YAJIUHATH K3JIOXKeHUe.
IIpumep 1. PaBHOMepHOE IBUIKEHUE:

2(t)=2,+vt.

Torma 2/(f)=v — moCTOAHHAS BeJIUUYMNHA.
IIpumep 2. PaBHOyCKOpEHHOEe OBUKEHUE:

at?
z=20—|—v0t—|—7,

3lech U, — HadaJbHasg CKOPOCTh, @ — YyCKOpeHHe. B arom ciyudae
2'(t)=v,-+at no usBectHeIM mpaBunaaMm auddepennuposanusa. Hamo-
MHHUM, UYTO ecJu HOaHbl aBe (QyHKnum f(t), g(f) m moCTOAHHAA 4, TO

(f+gy =f g, (afy—=af, (fgy =f'g+1¢, [§]=fgg;fg (mocenmAs

dopmysna BepHa B caydae, Korza g(1)=0 B paccMaTpuBaeMoil TOUKe t).
U3 mpezamocienueil hopMyIsl caenyet, uto (t2) =2¢.

Ilpu m000M 1IeJIOM n JIETKO JOKasaTh (HAIIpuMep, WHIYKIUei
mo n), uro (t")Y =nt"—1. MoxHo moKasaTh, uTo mpH ¢t >0 sTa dopMmyIa
BepHa U IJid HelleJabIiX 7 (06 9TOM elré GyaeT UATH Peub HIUKE).

VKaxkeM reoMeTpHUUecKUil CMBICJI HIPOM3BOLHOM: €CiM HapHUCOBATH
rpadpur Qyurium z=:z(t), To 2'(t{)=tg @, rme @ — yroJa HaKJOHA Ka-
caTeJIbHOM, MPOBeAEHHON K rpaduKky B Touke (¢, 2(t)), K ocu t (puc. 1).

IIlpaBuno nupdpepeHIUPOBAHUA CHOKHON PYyHEK-
I U: ecau JaHbl aBe QyHKUuM F(2) u 2(t), To ana pyHrnuu g(t)—
=F(2(t)) Tpou3BOAHYIO MOYKHO HalTu MO (hopmy.Jie

g')=(F(z(1))) =F'(2(?)) 2'(2),
BBITEKAaIoIell 3 TOTro, UTO

g(t)=Jim 2£=Jim SFEO _ iy (2L 2

m _
t—0 At At—0 At At—0 \ Az At

]=F’(z(t)) (1)

(Bmech mcmosb30Basoch, uto ecau At—0, to u Az—0).

IIlpaBunso nudpdpepeHnmupoBaHusa ob6paTHON (PyHEK-
nuu. Ilycts pyEKDUA z={f(f) cTPOrO MOHOTOHHA Ha OTpesKe [, t,]
¥ WMeeT MPOM3BOAHYI0 B KaKIOU TOUYKe 9TOro orpeska. Crporas Mo-
HOTOHHOCTh O3HAauaeT, 4To (GYHKIUA [ Jubo BO3-
pacratomaa (ecau t' <t”, To f(t')<f(t")), nubdo
yowiBatomiaa (eciu t'<t"”, to f(t')>f(t")). Bymem
IS OMPEeJeJIEHHOCTH CUMUTATh (PYHKIMIO f Bo3pa-
craromeii. Torma MHoOXXecTBO 3HaueHU!l (QHyHK-
nuu f Ha oTpeske [t,, t,] mpeacrasisgeT coboii oT-
pesok [z, 2,], rme z;=f(¢;), 2,={(t;) (puc. 2).
IIpu sToM Ka)kaOMy 3HaUeHHIO Z2<[z,, 2,] OTBeua-




eT POBHO ONHO 3HAuUeHUe f, TAKOEe, UTO
z={f(t). OGosmaumm ero uepe3 g(z).
Torma ¢=g(z) HasbIBaeTCA 006PAMHOU
¢pyuryueil x dyaxnuu f. 13 ompenese-
HUA FCHO, UTO obpaTHad QYHKIUA {=—
=g(2) cBaA3aHA C «IPAMOI» QYHKIU-
eit z=/{(t) coorHomeHUAMU f(g(2))=2,
g(f(t))=t. BmecTo oTpeska [t;, t,] MOMXK-
HO paccMaTpHUBaTh HHTepBal (i, t,),
HOJyHHTEPBAJEH [t,, t,), (t, t,], morynpamsie [¢,, 4-o0), (—oo, t;] T T. 10.

Hanum npupaiiienue At apryMeHTy ¢ U IIPOCJEeINM 34 COOTBETCTBY-
oIuM npupariesunem Az QyHxiuu f, T. e. Bo3bMéM Az=f(t+At)—
—f(t). Torga, HAa06OPOT, AJid OOpaTHON QPYHKIINHU £ €€ IpuUpaIleHne, co-
OTBETCTBYIOIIee IIpUpalineHuto Az eé aprymMeHTa, paBHo At (cMm. puc. 2).
IIpu At—0 G6ymer Az—0, orryza (ecau f/(t)=~0)

Puc. 2

g g(z)—hm A i L — g L1 11
Az az—0 Az amo Az Az 7 ()
At At a0 At

Takum 00pasoM, MBI MOJYUUIW MPaBUJIO AUPPEPEeHIINPOBAHUSA 00paT-
HOHM (PYHKI[UU:

g'(2)= rae z={(t) nim t=g(2).

1
@)’
VrKakeM emé OAHO [JOKasaTeJbCTBO 3TOro mpaswia. Huddepeniiu-
pysa ToxmectBo f(g(z))=—=z mo mpaBUIy ;[I/I(b(pepeHquOBaHHﬂ CJIOKHOM

Pyniunu, nonyuaen f(g(2) €'(2)=1, orxyna g'(2) =7
06oBaJIOCH.
IMpuwmep. Eciu z=f(t)=t2?, To t=g(z)=y/2z (cuuraem, 4To pac-

cmarpuBaiorca 3HaueHus t >0, Ha [0, co) QYHKIUA CTPOrO MOHOTOH-
Ha). MmeeMm:

, UTO U Tpe-

(g( )

P N B S
= Tn T 22 27

Jra dopmysa — UYACTHHIN ciaydaili 6Gojsee o00IIet

Uragr, (y2) = 1/_

dopmyner (t"Y =nt"1 (mumu (2") =nz""1), xoropas BepHa mpu t >0
(mpu z>0) aud TPOMBBOJBLHOTO BEI[eCTBEHHOTO 3HAYEHUS 7.

. 1
s moKasaTesbCTBa HYMKHO CHavajla PacCMOTPETh ciydait n=5,

rae ¢ >0, ¢ — menoe. Torga dpopmysia BBIBOAUTCA TakK Ke, KaK B CJIy-
vae n=1/2. U3 mnpasuna (fg)=f'g-+fg’ cnemyer, uro ecnu dopmy-
Jla BepHA JJIA n=n, U N=rn,, TO OHA BePHAa And n=rn,+|n,. Temeps
MBI IIOJy4aeM HMCKOMYIO (POpMyJy AJA BCexX n=§, rie p, ¢ — Ieble,
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P, ¢>0. Ilo HempepHIBHOCTH OHA BepHA IIPU BCEX
n>0. IIpu n=0 dopmyaa oueBugna. Eciau n<

1 BOCIIOJIB30-

n

1
<0, TO HYXHO 3amucCaTh tﬂ:t*

BaTbcA (QopmyJsioi auddepeHIUPOBaHUA APOOHU.
1y —2

Hanpuwmep, [t—z] =5

/ \ * 1. TToesn mpoIéa HEKOTOPBIA IyTh, IPUUEM

MEepBYI0 IIOJIOBUHY OH IIEJI CO CKOPOCTBHIO

Puc. 3 40 kM/4u, a BTOPYIO CO CKopocThbio 60 ®KM/d.

KakoBa ObL1a cpegHssa CKOPOCTDL Ioes3ga?

2. ITo rpaduKy KBaApaTHOTO TPEXUJIEHA Y=
=ax?+bx-+}c (puc. 3) onpeseauTL 3HAKU €T0
KO03(pPUIIEHTOB.

3. ITo rpadpury dysrmuu y—=f(x) (puc. 4)
HApHUCOBATh I'papuk eé mpomsBomuoir f/(x).

/ 4. HanucaTh ypaBHeHUe IIPSIMOil, KacaTelb-
> HO#t K rpadury GyHKIuUu y=3x—x? B TOUKe
/ \ aTOro rpaduka ¢ abcmmecoit x,=2.

5. HaiiTu maubosibliiee U HamMeHbIIlee 3HA-
Puc. 4 yennsa ¢ysrmun y=x3-+6x2+9x-+1 ma or-
peske [—3, 1].

6. Haiitu mpousBoanble Gynknuii: a) y=(x2-+1)%2°03; 6) y=sin x
B) y—yx2+1; 1) y—e*'; 1) y—e”'; ) y—sin cos x; &) y— /x5 1.

7. B paBHOOEIPEHHLIN IPAMOYIOJLHBIA TPEYroJbHUK C KaTeTaMu
IIuHBL 1 BOMCATh NPAMOYTOJLHUK HAMOOJIBIIENH IJIOIIAAU CO CTOPO-
HOI, JIe:Kalllell Ha TUIOTeHY3e 9TOT0 TpeyrojJbHuKa. KakoBa sTa Hau-
0OoJIbIIAs ILIOIIAE?

8. Hanwucars ¢opmyJinl, 3amatomime KOOPANHATEL TOUKYU, PABHOMED-
HO OBMIKYIENCA II0 OKPYsKHOCTU, Kak (GYHKIIUM BpeMeHu. Haiitu
MpPoM3BOAHLIE 3TUX (QYHKIHI. UTO XapaKTepusyiT 59TU MHPOU3BOJI-
Hele? Kak yBuUIeTh M3 MOJIyUEeHHBIX (DOPMYJI, UTO CKOPOCTH JBUIKE-
HUSA HAIpPaBJeHA IO KacaTeJbHOH K OKPYMKHOCTH?

9. IIBe cpenbl pasiesieHbl ILIOCKOM rpanulieil. JIyu ceera, ugyrmui
U3 TOYKWU, JIe)KAIllel M0 OJHY CTOPOHY I'DAHUIIBI, B TOUKY, JIEXKAIIYIO
IO APYTYIO CTOPOHY, M30MUpaeT IIyTh, TPEOYIOIMIT HANMEHBIIIEr0 Bpe-
meHU. UTO 3TO 3a IyTh, €CAU CKOPOCTh JBMIKEHUS B YKA3aHHBIX Cpe-
fax paBHA U; M U, COOTBETCTBEHHO?*)

2.
’

§ 2. MOKA3ATEJIbHAS U JIOTAPUDMUYECKAS DYHKLIMM

Ioxasameavnas Qyukuyus — 310 QyHKIUA 2(t)=a!, roe a >0,
a — TOCTOsSHHASA BeJuuYrHa. BMecTo ¢ MOMKHO O0O3HAUMUTL apryMEHT

*) IIBymMa uepTaMu CjieBa OTMEYeHBLI 3aJauu JJIA CAMOCTOATEJILHOTO pelleHusa. Boiee
TPYyAHBIE U He 00s3aTebHble U3 HUX OTMEUEeHbI 3Bé3mouxkamu (¥).
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J1000# Apyroit OyKBOi, Hampumep, x. Bygem mu-
caTh a*, UTO dYallle BCTpPeUaeTcss B yUeOHUKAX.
IIpu a>1 pyHKIUA a* CTPOro BO3PACTAET, a IPU
a<1 crporo yowiBaer (puc. 5). Haiigém mpowus-
BOoAHYIO (pyuKIuu a*. NMmeem:

. ag¥thr__gx . at*—1
a*) = lim = lim a*- =
(@®) Ax—0 Ax Ax—0 Ax
Ax
. a?*—1
=a* lim =ba”*,
Ax—0 Ax
rne b=(a*)|,_,, T. e. b — 3HaUeHWe MCKOMOI

mpomsBoguoii mpu x=0. OxaspiBaeTcA, UTO ec-
Ju B3ATh a=—e=2,718281828459045..., To mo-
ayunm b=1, u npousBoAHas mMeeT 0Oojiee IPO-
croit Bug: (e¥) =e”*.
Yucisio e, Jjii KOTOPOTO BepHa 3Ta (hopmyna,
HAXOOUM W3 YCJIOBUS
err—1

x)/ — i =
@)l|,_o=1, Tm.e. AI%QO Ax 1.

1
ITosaras Ax=;, rge n >1 (T. e. n O4YeHLH Be-

JIIKO), moayunM e2*~1-Ax, IpuuéM TOYHOCTH
3TO¥ MPUOIMKEHHOHN (DOPMYJILI TeM 0OJIbIIE, UeM
MeHbIlle Ax (uam uem OoJbitie n). Ilpu 1enom n

HaXO0LUM e=(e1/”)"m[1—|—%]n, WIN, TOUHee, e=—
. 1\
= lim [l—l——] .
n—oo n
Jlozapupmuuecrasn pynryua y=Ilog, x ompe-
nensiercs upu a >0, as~1, u eé o0aacTe ompeze-
JIEHUSA — BCe IOJIOJKUTEJIbHBIE X. JdTa QYyHKIUA
obpaTHa K a*, T. e. ycJoBUe y=—a”* PaBHOCUJIbHO
ycaosuo x=log, y. MHO:XecTBO 3HaUeHNH PYHK-
nmuu log, y — Bce BelllecTBeHHBIe umcja. I'pa-
buxu pynrnuit y=log, x mokasaHsl Ha puc. 6.
Hawub6osee mpocta B obparmenuu Jjorapudmuue-
ckaa GyEknua ln x=log, x, T. e. morapudmuye-
CKad (DyHKIIUA C OCHOBaAaHUEM a=—¢.
Hatiném mnpomssBogHyio GyHKIUN y=In x.
ITo mpaBuny puddepeHIUpPOBaHUS O0OpaTHOI
QyHKIIUN

1

(111 JC)’: (e—”)’

y=Inx

Y
y=a*
(a>1)
/
x
y
y=a®
(a<1)
1\
x
Puc. 5
Yy
y=Ilog, x
(a>1)
1 3
Yy
y=log, x
(a<1)
1 3
Puc. 6



Haiiném mnpomsBOAHYIO IOKazaTesbHOU GyHKIuu a*. Mmeem: a*=
=(elm¢)*=¢*Ina orryna, mo mpaBumay AuGGEPEHIITPOBAHNS CIOMKHOI
GyuKIUNT,

(a*Y=Ina-e*™*=1n q-a*.

MBI HAIILIV IOCTOAHHYIO b, KOTOpas paHee He Oblia ONpeneseHa, U OKa-
3aJ10Cch, uTO b=1n a.

1
log

Ormerum, uro log;, €~0,4343 u In 10=

~2,3-10".
Haiiném npoussognyio ¢yrknuu y=log, x. Ilo npasury audde-
PeHIuPOoBaHUsa 00paTHOU (QYHKIIUU,

ez2,3, T. e. (10%) =~

10

- 1 1
Ina-a? y=10ga x In a-al‘)ga x Ina-x .

(log, x)'=

r— _ A A
B wactrocTH, (log;, x)'= =log, e p ~0,4343 P Dopmyay maia

1
x1n 10
7 Inx log,x
(log x)’ MosKHO TaKiKe BBIBECTU M3 COOTHOIIeHUA log, x—— =

a a Ina log,a

BepHOTO 1pu; Jwobom b >0, b=~1 (cm. samauy 11).
10. TToap3ysick TOJNBKO OIpeAeeHueM JiorapupMuyecKoit (QyHK-
UM, BBEIYUCIUTE: a) log, 256; 0) log4(22002); B) 10g3(2715);

I‘) 10g27(399); Jl) 111(62003); e) 210g2 5; e) 910g3 10; )R) eln 2003; 3) alogax

1
11. [loxasats dopmyny log, lezin’ rme x >0, a >0, a1,
b
b>0, b=~1.
12. Mloxasars, uro log, x=10; , 1pu a>0, as=1, x>0, x~1.

13. Mcnonb3ys mnpubarmxéHHble 3HadeHua In 10~2,3, log,, e~
~0,4343, log,,2~0,30, =mHaiiTu 06e3 MHUKDPOKaIbKYJIATOpa IIpH-
onmxénable 3HaueHUs (¢ TouHOocThio 10%): a) 1n 100; 6) 1n 0,1;
B) log,, 40; 1) log, 5; /I) log, 32; e) In2; &) In 25; x) In 20;
3) In 0,5; u) In 0,01; H)* e

14*. Ompemenuts 6es MHRpOKaJILIchIﬂTopa uro Gosbmre: a) log, 3
unn logg 4; 6) log, 7 nnu log, 8?

15%. IlpuaymaTs crmoco6 IpuOIMKEHHOTO BRIUMCIeHUA log, x A
JTaHHBIX X U @ C JI000# Hamepén s3amaHHONM TOYHOCTHIO. BBIUMUCIUTH
¢ IoMoIHIBIo aToro crnocoba log, 3 ¢ TournocTeio g0 0,1.

16*. BoruucauTh 6e3 MUKpOKaIbKyaATopa log,, 2 ¢ rounocrsio 10 0,1.

17%*. BorumcauTs 6e3 MEKPOKaNbKyIATOpalog,, e ¢c TourocTsio 10 0,1.
In x

x2—|—1;

18. Haiitu mpousBomble GyHKNuit a) y=In x2; 6) y=

B) y=In In x; r) y=log, x; 1) y=2%; e) y=log,,(x3+1).
10



1)\
19*. JlokasaTh, UTO IIOCJIEJOBATEJIHLHOCTH [l—l—; BO3pacTaeT ¢ po-

1)\2+1
CTOM N, a TOCJeI0BATeIbHOCTD [1+E] yOBIBAET C POCTOM 1.
1\ 1\+1
BriBecTu oTcroma, uTo [l—l_ﬁ] <e<[1—|—;] .
20*. JToxasaTh, uto 2<e<3.

§ 3. BOCCTAHOBJIEHME NYTHU MO CKOPOCTHU. UHTETPA

Ilpenmoso:xuM, UTO HAM 3aJaHa CKOPOCTh ABUKEHUS IO IPSIMOI
BO BCé MOMEHTHI BpeMeHM, HaIpuMep, 3aIluch MOKA3aHUM CIIUIOMETPa
aBTOMOOMJISA, M MBI XOTUM BOCCTAHOBUTHL HNYTh, MPOUAEHHBIN B KarKIbIi
MOMEHT BpeMeHH, TOUHee, KOOPAUWHATY ABMKYIIEHCcA TOYKH B JIO0OM
MOMEHT BpeMeHU. OTO 3HAUMUT, 4TO IPOM3BOAHAA 2'(f) M3BECTHA BO BCe
MoMeHTHI t=[t,, t,] u Tpebyerca HaiiTu z(t). O6osHauum 2’(t)=uv(t).
dyurmus 2(t) Ha3bIBACTCS HeonpedeséHHblM UHmMezpaiom GYHKIINN
U(t), nau nepgoobpasuoil nasa GyHrIuU U(t).

Hackoabko ognosHauHo ompenesnena GyHrnusa 2(t)? fAcuo, uto ec-
au samenuth 2(t) Ha 2(t)-+C, rme C — IOCTOAHHAA, TO PABEHCTBO
v(t)=2'(t) He usmenurca. CMBICI 5TOI'0 B TOM, YTO MOXKHO HAYATh JBU-
sKeHue ¢ 0060k Touku. Ecin 3amaTe TOUKyY Havaja OBUMKeHUA 2(1,)=
=2, TO 2(t) ompeznenseTca OJHO3HAYHO. ITO MOKHO YBUJAETDH eIlle Ta-
KIM 00pasoM: ecin 2,(t), 2,(t) — ABe Takue QyHKIMM, 9TO 2} (1)="0(1),
2h(t)=u(t), 10, 06o3HAUUB 24(t)=2,(t)—2,(t), momyuum 24(t)=0, T. e.
byurnua z,(t) sagaér oBUMKeHHE C HYJEBOW CKOPOCTHIO, OTKYZa COOT-
BeTCTBYIOIIAA TOUKA CTOUT Ha Mecte, T. e. 23(1)=C, z,(t)=2z,(t)-|C.

OnpenenéHHblit nHTerpaJ. IlycTs 3amaHa CKOPOCTh ABUKeE-
HuA v(t) u a, b=[t,, t,], rae [t;, t,] — OTPe30K BpeMeHH, HA KOTOPOM
paccmaTpuBaeTcsa ABUKeHUe. IlepemerrieHre TOYKM 3a BpeMsa OT t=a
o t=> HasbIBaeTcsaA urmezpasiom GyHKIUM v(t) mo oTpesKy [a, b] (mau
onpedeséHHbLIM UHMezZPAIOM) U 0003HAUAETCSA

b
{ v(t) dt
a
(cMbIcs aTOrO 0603HAUEHMS MBI BBIACHUM HuKe). Ecim 2(t) — mepso-
obpasHaa mana ¢yHKIuM U(f), TO ACHO, UTO NJaHHOE IIepeMellleHUe pPaB-
HO 2(b)—z(a), oTKyma

{ o(t) dt—2(b)—2(a)—=(8)|

(TocieiHee BhIpaKeHUeE SABJSETCS MPOCTO YAOOHOM COKPAIEHHOM 3amnu-
ceio aaa 2(b)—z(a)).

Ira popmysa HaseIiBaeTcs (popmysioit HeioTrona—Jleiitbuuia. Mo:xHO
3amucaTh Hao0OpoT (GYyHKIUIO 2(f) — uUepe3 OMpenesEHHBLIN WHTerpaJ.

11



HOaa sToro mox 3HAKOM WHTerpajia 0003HAUMM IIEPEMEHHYIO ¢ APYroi
OyKkBOIi T (9TO He WIpaeT PoOJH, TaK KaK pPe3yJbTaT 3aBUCUT TOJLKO
or b u a, HO He OoT t). BooOille mepemMeHHas, MO KOTOPON IIPOUCXO-
IUT WHTerpupoBaHuUe (I B WHTerpajie, HaIIMCAHHOM BHIIIIE), Ha3bIBAET-
CA nepemMeHHOl UHMezPUPOB8aAHUs, U €€ MOXKHO 0003HAUUTH J1000# OY-
KBOM, OT KOTOPOIl He 3aBUCAT HpeAeabl MHTerpupoBanus a u b. Ilo-
atomy (Qopmyna HeioroHa—JleiibHUIIA MOMKeT OBITH 3amucaHa B BUIe

IS] v(t) dt=2z(b)—=z(a).

a

t
ITpumem b=t u moxyuum { v(t) dt=2(t)—2(a) nin
a

t
2(t)=2(a)+ v(7) dr.
a
9Ta (opMysa AaéT 3aIuCh IepBOOOPA3HON (DYHKIUK B BUAE Onpedenéh-
HO020 UHMezpana ¢ nepemennbvLM éepxrum undewcom. U3 Heé caenyer,
uTO

[ § v(t) dt ]l=2’(t)=v(t),

T. €. IPOMBBOJHASA OT MHTErpaja II0 IePeMeHHOMY BepXHeMy IIpenesy
paBHA 3HAUYEHUIO IOALIHTErPAJIbHON (GYHKIMU HA 9TOM IIpeiesie.

IIpuMephl HAXOXIEHUA MEePBOOOPA3HBIX U UHTETP a-
aoB. Omnepanus HaXOMKAEHUS IePBOOOPA3HBIX (MU HEOUPEAEJEHHBIX
WHTEerpajoB) obpaTHa HaXOMKIEHHWIO IIpou3BoAHON. HeompeaenéHHBIN
uHTerpan QyHKmuu v(t) o6sr4HO obosHauaerca § v(t) dt. Ecam z(t) —
KakadA-To mepBoobpasHas mya v(t), To Sv(t) dt=z(t)+C, rme C — mpo-
M3BOJIbHAS IIOCTOSHHAA. 3Hasd TAOJIUILY ITPOWM3BONHBIX, MOKHO HAWTU
HEeKOTOphIe IepBooOpasHblie W MHTerpaiabl. Hampumep:

(tn)lzntn—l _ Stn_l dtz%tn—l—c (pu n~0),

o
n—+1
1

?dt=1n t+C (upu t>0),

wim § " dt—= t"t1 4 C (mpu n#£—1),

(In ty=7 (upn >>0) — S

('Y =e! — (e dt—e'+C,
(sin ¢y =cos t — (cost dt=sin t+C,
(cos ty =—sint — {sin ¢ dé—=— cos t+-C.

Ecmu v(t)=v,(t)-Lv,(t), To mepBoobpasHas z(tf) MokeT OLITH Haii-
neHa 1o (opmyse 2(t)==z,(t)42z,(t), rae z,(t), 2,(t) — mepBoo6GpasHbIe
A Uy(1), vy(t).

12



IIpumep. Ilycre v(f)=v,-}at (PaBHOYCKODeHHOe IBIKEHUE),

TOoTrIa

2(t)=\(vy+at) dt={ v, dt+ at dt=v0t—|—a7t2—|—C=20—|—v0t—|—7,

at?

rae z2,=2(0) — 3HaueHHMe KOOPAUHATHEI Z B MOMeHT BpemeHu 0.

meH npu 1<t<2?
/2

0 2
2 2 4

0 1 1 2

Xy

§ 1ty di—g (e 441

X

§ 4. TEOMETPMYECKMM CMbICH

MHTETPANA M EFO NMPUMEHEHME

AN BbIYUCNEHUS NNOLLLA AEA
U OBbLEMOB

Hapucyem rpadur cropoctu v(t) u 1o-
mpobyeM IMOHATH, KaK IO HEMY BOCCTAHOBUTH
nepementernne z(t). Ilycts crauana v(t)=v,=
=const. Torma s3a Bpems oT t, mo t, mpoxo-
nuTcA oyTh 2(t,)—2(t)=vy(t,—1%;). STOT IyTH
paBeH IJIOHWIAAM IION Tpad@UKOM v, JerKallei
MEeXKAy BEePTUKATbHBIMU NPAMBIMU (=1, U =
=t, (puc. 7), TaK Kak IOJIydaeTca IIPAMO-
YTOJBHUK C BBEICOTOH U, U OCHOBaHUEM I,—{;.
OxkasbiBaeTcs, TO K€ caMoe BEepHO U B 00-
meM ciaydae, T. e. mepemerenue 2(b)—z(a)=

b

={ v(t) dt paBHO mnomazu mox rpaduxom v(t)
a

MeX1y BEPTUKAJBbHBIMU HPAMBIMU {=—a U (=

=b (puc. 8). Ilo sToit MpUUYMHE BO3SHUKJIO 000-

3HaUeHHe MHTeTpaja 4yepes | (3TO BHITAHyTadA

oykBa S). [lyia qokasaTeabCTBa HYYKHO Pas3OUTH

oTpesok [a, b] Ha MajleHbKHE dYacTh TOYKa-

MU by, by, ooy £, 10 @<ty <ty<...<t, ,<b.

) §1/de’ e) Sde; €) Sex dx; x) S2x dx.

21. CKOpOCThL TOUKM, ABUIKYIIEHCS II0 IIPSIMOI, MeHseTcA IO 3a-
KOHY a) v(t)=13; 6) v(t)=t"2; B) v(t)=t!. Kakoii myTs OyzeT mpoii-

7

8 10
22. Borumeants: a)  costdt; 6) {t*dt; B) | %dt; r) { x3dx;
5

5

23. Borumcauts: a) § x° dx; 6) { sin 2x dx; B) {V/3x dx; 1) { e dx.
24. Jloxasats, uTto ecau f(x)=ax?4bx-+c, To

Vg fp------ -

Puc. 8
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v Ilpumem pnsa ynoberBa ty=a, t,=b. Torma

mIomanb S, 0 KOTOPOIi MIET peub, ¢ JII00OI
? TOYHOCTHI0 MOJKHO 3aMEHUTH Ha CYMMY ILJIO-
manell IpPAMOYTOJLHUKOB C HUKHUMU OCHOBA-

muamu [t,, t11, [£, t5) ...5 [t,_15 t,] B C BBI-
coramu v(t,), v(t;), ..., v(t,_;) (puc. 9), T. e.
moJiyuaem

S=v(ty))(t; —ty)+vt )ty —t)+...F+v(t,_ )X

atyty t,_1b t

n—1 n—1
Puc. 9 ><(1:n—tnil)=k§]0 vt )ty —tk)=k§]0 v(t,)At,
y (aTO0 cokpalénnoe obo3HaUeHUe JIeBOM YaCTH!).
Bosee Tounas zamucs:
~on=t ~ont
. SZAIttIEO k§0 vt )ty —t,)= Alttr—r}o k§0 v(t,,)At,,
/u n—oo n—oo
) rge At,=t, ,—t,. MoxHo, Hanpumep, 6pars
pasbuenue orpeska [a, b] Ha n paBHBIX YacTel,
1 x TakK 4To Atkzb_Ta ¥ TOT[a yCJIOBHe Iepexona
Puc. 10 K IIpefesy COCTOUT IPOCTO B TOM, UTO 71— oo.

Ho, c¢ gpyroii cTOpoHBI, TOYHO TaK Ke MOK-
HO HaXOAWTH IYyTh, IPONIEHHBIN B IIPOMEKYT-
Ke oT a A0 b, Tak KaK Ha MaJIeHbKUX ydYacT-
Kax [t,, ¢, ;] CKOPOCTH MOYKHO CYUTATH IIOCTO-
auHoi. Urak,

b n—1
S={ v(t) dt:AltHBo > u(t,) At,,.
a k k=0
n—oo
OTMeTHM corJiallleHue O 3HAKe IJIOMA[U: eCJIU
1 ¥ X  KyCOK ILIOLIAAW JIEKUT IO OChI0 aGCIIMCC, TO
Puc. 11 €ro 3HAK CUMTAETCA OTPUIATENLHBIM, TaK KaK

B aroM ciayuae At, >0, a v(t,)<O.

IIpumep 1. Haiiném niomans S mox napaboioit y=—x
x=0 mo Touku x=1 (puc. 10). Umeem:

2 OT TOUKHU

«w

1
S=§) x% dx= %

E |
0o 38’

IIpumep 2. IInomaxns mox runmepbosoit y=1/x or x=1 go mpo-
X

MBBOJIHOTO X paBHa | t—ldt=In t’:=1n x (puc. 11). TaxkoB reomerpu-
i

YeCKUU CMBICJ HaTypaJbHOTO JiorapudmMma.
14



Haxoxnmenue o06b€MmoB. IlycTh mamo
TeJI0O B TPEXMEPHOM IIPOCTPAHCTBE, U ILJIOIIALb
ero CeueHUsA IJIOCKOCTHIO, MapajebHOM Koop-
OUHATHOM IIJIOCKOCTU Y2 U IPOXOLAIIEil uepes
TOYKY OCH X ¢ KoopamHaTo# x, paBHa S(x). To-
rma o0bEM V 9TOro Teja 3alUCLIBAETCS WHTE-
TpajioM

b

V={ S(x) dx,

a
rae a, b BrIOpaHbl Tak, UTO MPOEKIUA Teja Ha
0Ch X COREPKUTCA B OTpe3Ke [a, b] (puc. 12).
s mokasaTenbCcTBa HYJKHO PasOUTh BCE TEJIO
ILIOCKOCTAMM X=X, Ha TOHKHe cjou (puc. 13).
3mecer a=ux,<x;<...<x, ;<x,=b. Torma
00BEéM cII0A, JIeKalllero HaJ OTpPesKoM [x,,
Xj4 1], paBer mpubausuTeabHO S(x,)(X, 1 —X;)
(c Tem OOJBIIIEHl TOUYHOCTBHIO, UYEM MEHbIIEe
Ax, =% 1—X;), OTKyza

n—1 b
V= lim_ > S(x,) Ax,={ S(x) dx.
Azzxi:oo =0 a

IIpumep 8. Paccmorpum Imiap paguy-
ca R: momecTuM ero IeHTP B HaYajlo KOOpP-
nuHat. Ero ceueHmMe IJIOCKOCTHIO, ITapasjiefib-
HOHl ocuM yz U IlepeceKaromieil ocb X B TOYKe

¢ abcmuccoil x, ecThb Kpyr pagmyca V R2—x2

(puc. 14), orkyza S(x)=r(R%2—x?). ITosTomy

00BbEM IITapa paBeH
R

3
V= { n(R?*—x%)dx=n [sz_x_
R 3

R

—R

R? (—R)?
(B (me_py (=B _
_n-[R 3] zr[R( B—= ]

_2 p31 2 p3_ 4 p3
—37rR —|—37rR 37rR.

25. HaiitTu momiafgb IIOJ OJHOM BOJIHOM
curycouanl y=-sin x, 0<lx< 7 (puc. 15).
26. MOXKHO JIM BBIYHCJIUTH CYMMapHYIO
IJIOIAAh ABYX BOJH cuHycouabl (puc. 16)
2z

Kak | sinx dx? UYemy paBHBI ILIOIIAABL
0

W 9TOT MHTeTrpas?

15



T

a)

0)

16

Puc. 18

6)

27, HatiTu momans MeXIy napabojgaMu
y=x? u y=2—x? u npamoit x=0 (puc. 17).

28. IIo rpajpury ¢yuxnum f(x) Hapuco-
BaTh Ipa@uK KaKoi-HUOyAb e€ mepBooOpas-
HOM (puc. 18, a—s).

29. HatiTu 00BEM IIApPOBOTO CJIOA: KycKa
mapa, BBICEKAeMOTO ABYMs NapalIebHBIMU
ILJIOCKOCTSIMU, IPOXOIAIIMMU II0 OAHY CTOPO-
HY OT IleHTpa.

30. IMonyuutb popMyabl A1 00HEMOB IIH-
paMuabl ¥ KOHyCa, a TaKiKe YCEeUEHHOM ITu-
pamMujbl U yCeUEHHOTO KOHYycCAa.

31%. BriBecTu u3 3agaum 24, 4T0 00'BLEMEI,
ykaszaHHble B 3agauax 29, 30, moryr OBITh
HalgeHbl 10 opmyae CumncoHa:

H
V= g(S1 +4S,,+5S,),

rge H — BeICOTA, S;, S, — ILIOIIaJAU OCHO-
BaHUIA, SCp — ILJIOMIab CPEIUHHOTO CeUeHUd.
14 2F 4 +n*

32. Hatitu mpepmen lim
pen n—oo nk+1 ’

IIOJIB3YACH IIpeacTaBJIEeHHMEeM HHTerpajia OT xk

B BHUAe€e IIpegesia CyMM.

§ 5. PADMOAKTMBHbIM PACIMAA.
ANDDEPEHLIMATIBHOE YPABHEHME y' —Fky

OcHOBHO#I 3aKOH paAMOaKTHUBHOTO pacma-
JIa COCTOUT B TOM, UTO OTHOIIIEHWE YWCJa pac-
maBIINXCA 3a JI000¥ (GUKCUPOBAHHBIN MAaJIbIH
MPOMEKYTOK BPEMEHH aTOMOB K OOIeMy Yu-
CJIy aTOMOB, MMEBIIUXCA B Hayaje 3TOTO IIPO-
MEeXXYTKa BpeMeHHU, He 3aBUCHUT OT OOIIero 4u-
cjia aToMOB (ecaum CUHTATh 9TO O0Ilee YUCJIO
6osnbmuMm). IlpuumHA BTOTO COCTOUT B TOM,
YTO paJMOAKTHBHBLIN pacmHaj, 0O3HAYaeT paciaj
Anep, a Aapa He B3aUMOAEHCTBYIOT IPYT C APY-
TOM OpU OOBIYHOM COCTOSHUM BeIlleCTBa, B3a-
HMOJENCTBYIOT JIUIIIL BJIEKTPOHHBLIE O00JIOUKH.
ITosToMy BeposTHOCTH pacmaza ZaHHOTO aToMa
He 3aBHUCHUT OT TOTO, CKOJILKO MMEEeTCA aTOMOB.
SlcHO Tak’Ke, UTO KOJIUYECTBO aTOMOB, paciiaB-
MINXCS 3a MaJIbIii HPOMEKYTOK Bpemenu Af,
TIPOTIOPIIUOHANIBHO Af.



Ob6o3HauMM Maccy HepacIaBIIIerocd BeIeCTBA B MOMEHT BpeMe-
HU t yepes y(f). 3a Bpems At pacmagaercs y(f)—y(t-+At) BemecTsa.
OCHOBHO# 3aKOH PaZMOaKTUBHOTO paciaZia MOKHO 3alucaTh TaK:

YO —yA+A) o ay
y(t) ’
TJle PaBEHCTBO TeM TOUHee, ueM MeHbIe At. 3xech Koadduiuenr £ mo-
CTOSTHEH M XapaKTepu3yeT AaHHOe BEeIeCTBO: OH pPaBeH BEPOATHOCTH
pacmajfia MHAMBUIYAJIBHOTO aTOMa 3a eAWHUIY BPEeMeHU, IPU YCJIOBUH,
YTO 3TA €QUHUIlA BBIOpaHA JOCTATOUYHO MaJjioi (II0 CPaBHEHWIO, HATIPU-
Mep, C BBEAEHHBIM HUKe IepHoJIOoM IoJypacmasza). Haiimenmoe cooT-
HOIlIEHWEe MOYKHO, MOJeJuB Ha —A¢t um yMHOKUB Ha y(t), mepemmcaTrhb
B BHUJE

yE+Aan—y@)
e = ky(®).

ITocKoaBbKY TOYHOCTH BTOTO paBeHCTBA pacTér mpu At—0, mepexonsa
K IIpeJesy, MBI IIOJYUYUM TOUHOE PABEHCTBO

Y (t)=—Fky(2), (1)
IIpeficTaBisAoIIee co00il duddepernyuanvHoe ypasrHeHue PafuoaKTUBHO-

ro pacmaza. MoOKHO eIllé IPOMBBOJBLHO 3aJaTh MCXOJHOE KOJUYECTBO
BelllecTBa
y(0)=y,, (2)
YTO MPEACTaBJAET cO00M HauaabHoe ycaosue ansa ypaBHeHu:a (1).
Ecnu orkakercs, uro ypaBHeHme (1) ¢ yciaoBueMm (2) mMmeeT equH-
CTBEHHOE pellleH’e, TO MOYKHO CUMTATh, UTO OHO IIPABUJIBHO OIIMCHIBA-
eT paccMaTpPUBaeMbI# IIpoIiece.
Pemum ypaseenue (1) c¢ HauambHBIM yciaoBuem y(0)=y,>0.
Ha mexoropom unrepsaie [0, t,] 6yzer y(t)>0. Pasmenus ypaBHe-
Hue (1) Ha Yy(t), mosyuum
ye _
y(?)
B cuny mpaBmia auddepeHIIMPOBAHUA CJHOMKHON (PYHKIUU W (HOpMY-
aet (In x)) =1/x mMosxHO mepemnucaTb 3T0 ypaBHenue B Buie (In y(t)) =
=—(kt)'. TIocKONBLKY OBe MepBOOOPa3HbIe OLHON (ZYHKIIMU OTJINYAIOT-
cA Ha IIOCTOAHHYIO, HoaydaeM In y(t)=—kt+4-C,, nin y(t)y—e F1t0—
—eCie#—=Ce**, rge C>0. OTciofia BUAHO, 4TO 5Ta (POPMYJa IIPHMe-
HUMa IIPU BceX f, TAK KaK Hallle pacCy:KAeHue ITPOXOAUT BCermga, ImoKa
y(¢)>0. Iloacrasnas t=0, saxogum C=y, ¥ OKOHYIATEIHHO

y(t)=y,e . (3)
Taxum obpasoM, eqUHCTBEHHOE peleHne ypaBHeHus (1) ¢ HavaIb-

HBIM yciaoBueM (2) umeer Buz (3), ecau y, >0. Eciu y, <0, To MoxHO
BMecTo Yy(t) paccMoTpeTh (QyHKIMI0 —y(f), KOTOpas yIOBJIETBOPSIET
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TOMY K€ YPaBHEHWMIO C HadaJbHBIM ycaoBueM (—y,). OTcioga BHOBB
monyuaerca dopmyiaa (3).

Ocraérca paccMoTpeTs ciaydait y,=0. B pusuueckoii sagade B sTOM
cayuae y(¢)=0 (ecau He OBLIO HUKAKOTO BEI[eCTBa, TO HUYETO U HE OC-
ranerca). OgHaKO MaTeMaTWyecKasa 3afadya O perreHumn ypaBHeHus (1)
¢ HavYaJIbHBIM yciaoBueM (2), rae y,=0, B nmpuHIune moria Gkl UMETh
pemtenne y(t)5=0. MoKXHO IOKasaTh, YTO TaKoro pemreHua HeT. [Ipuse-
IEM TaKoe JOKa3aTeJlbCTBO, a B JAajibHeHIeM OyJeM OIyCKATh MaTeMa-
TUYeCKUe IMOAPOOHOCTM, €CJU B AAHHONW (hU3MUecKoil 3amaue BCE sACHO.

Bamumem y(t) B Buge y(t)==z(t)e*. Buaumo, AONKHO OKA3aThCA
Torga, 4Tto 2(t)=const. 3anmuck TAaKOTO BUAA O3HAYAET, UYTO MBI IIPO-

CTO BBeJIU HOBYIO HEM3BECTHYIO GYHKIUIO z(t)=y(t)e* . IlogcraBum y=—
—kt

=ze B ypaBHeHnwue (1). Torga moayumm, moab3yAch GhopMyJon nup-
(bepenIupoBaHusa npousBefeHnus, 2’ e M (—k)ze * =—Fkze ", Orcro-
na Z’e ¥ =0 u /=0, 1. e. z=C=const, a 3T0 o3Hauaer, uTO Y(t)=

=Ce . B uacrrocru, ecau y(0)=y,=0, To y(t)=0. 3aoaHO MBI KO-
KasaJii U eIUHCTBEHHOCTh pellleHusa ypaBHeHUs (1) ¢ HauaJabHBIM yCJIO-
BueM (2), xoTa npu Y,70 5T0 OBLIO ACHO W paHbINe. BEIACHUM CMBICT
KoadhdunueHTa k, Tenmephb yyKe MCXOAA M3 MOJYyUeHHBIX Gopmya. s
9TOTO BBEJEM IIepUOJ Iojypacmaza 71, XapaKTepulVIOHINil paguoak-
TUBHBIN pacmaj, BeIleCTBA W PaBHBLIM BpeMeHU, 32 KOTOPOEe paclazaeT-

_ Y
cs TOJIOBMHA BeIlleCTBa, MMeBIIerocsa BHadase. Ilomyuum y,e kT=E°,
In 2 In 2
mwin e"T=2, orkyna T_T’ W sz' dopmysia I pelIeHUsd

mprobpeTaeT BUJ

L, _In2, 1n2[_1} N _t
y=yge M=yje T =yye M=yye™?) T=yy,2 T.

WUraxk, y(t)—y,2~ /7, rne T — mepuoz mnosypacmaja.
3amernM, 4TO In 2 JIeTKo HAXOUTCA, eCIU IPUHATH BO BHIMAHHE,

1 2
uro log,, 2~0,3010, log,, e~0,4343, oTkyza In 2=%%0,69.

Yrasxem HauOojiee BasKHBIe IepuoAbl mmoaypacmaga: Ty=4,5X
X10° jer — 3TO BeIWUMHA IEePHOAA IIOJypaclajfa Hamboiee pacnpOCT-
paHéHHOro nsorona ypana 238U; T —=1600 xer. i paguoakTHBHOIO
nsoromna yriepoga 14C mepuogx nonypacnaaa T1c=5700 ser. Sror
M30TOIl MCIIONB3YeTCA AJA OIpeeeHNs BO3PACTA MCKOIAeMBLIX Opra-
HI3MOB TaK HA3BIBAEMBIM DPaJUOYTJIEPOJHBIM METOZOM, OCHOBAHHBIM
Ha TOM, uTO u3oTon '“C momazaeT B OPraHM3M JIHUIIL BO BPEMA €T0 JKU3-
HI, a IIOCJIe CMePTH OPraHM3MAa IIPOCTO PACIAJAETCA B COOTBETCTBUHU
¢ 3aKOHOM PAaJMOAKTHUBHOTO pacmaga. CpaBHUBAA KOJIMUYECTBO M30TO-
moB *C B 'KMBOM OpraHmsaMe C €ro KOJHUUYECTBOM B HM3y4aeMOM HCKO-
naemMoM 06pasIe, MOXKHO OIpeNeIHTh BO3PACT MCKOIIAEMOTO 00pasIa.
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33. 3a 30 mmeit pacmamochk 50% mepBOHAUATHLHOTO KOJIUYECTBA
PaaroaKTHUBHOTO BellecTBa. depes CKOJIbKO BpeMeHu ocTaHercd 1%
OT TEePBOHAYAJIBHOTO KOJUYecTBa?

34. B Teuenue roma m3 KayKJOTO IpaMMa PagMOaKTHUBHOI'O Belle-
crBa pacuagaerca 0,44 mr (1 mr=10—3 r=10"9 xr). Yepes ckoub-
KO JIeT pacmafércs MOJIOBHHA MMEIOIerocs KoJudyecTBa?

35. B Kycke ropHoit nmoponsr copep:kurca 100 mr ypama u 14 mr
YPaHOBOI'O CBHUHIIA. VI3BECTHO, UTO ypaH paclafaeTcsi HAIOJOBUHY
3a 4,5-10° jger m uTO mpH HOJHOM pacHafe 238 T ypaHa o0pasyerT-
ca 206 r ypanoBoro cBuHIla. OmpeneanTh BO3PACT TOPHOM IIOPOZHI.
Cuurarhb, YTO B MOMEHT 00pas3oBaHHUSA TOPHAas IOpPOJa He comepsKaja
CBUHIIA, W NIPeHeOpeub HAJIMYMEM IIPOMEKYTOUHBIX PASUOAKTUBHBIX
MPOAYKTOB MeE)KAYy YPaHOM M CBUHIIOM (TaK KaK OHU pacIafaioTcs
HaMHOTo OBICTpee ypaHa).

36%. B KocTAX KMBOTO YesoBeKa ogumH u3 5-1011 aromos yriepo-
Ia saBiseTca usoromoM C (mepuon moxypacmaza 5700 JeT), ocTaIb-
Hble aTOMBI yIriepoga — ycToiumpble umaoTombl 12C. Ilpu mceiemosa-
HUM obpasma Maccoii 1 T omHON M3 YeloBeUEeCKUX KOCTel, HalmeH-
HBIX HA CTOSHKE IePBOOBITHOIO YesioBeKa, 3a 10 MUH 3aperucTpupo-
BaHo 100 pacnamoB aTomoB *C. Cumras, uTo M3ydaeMbIil o6paser co-
CTOUT TOJHKO U3 yriiepofia (3TOro MOYKHO AOOUTHCS CIEIUAJbHON 00-
paboTKOI), OIeHUTL Bo3pacT obpasma (HAITOMHHWM, UTO B 12 r yrie-
poza comep:xurca 6-102% aTomos).

§ 6. BLITEKAHME BO/bl.
ANDDEPEHLLUATIBHOE YPABHEHME y' ={(y)

IKCIEePUMEHTAJIbHBIA ()AKT COCTOUT B TOM, YTO CKOPOCTH BBITEKA-
HUA BOJABLI uyepe3 HebOoJsbIlloe oTBepcTue paBHa v=0,61/2gh, rome g=
=9,8 M/c2 — yckopeHme CBOOGOJHOTO TaneHUdA, I — BBHICOTA YPOB-
HA BOABI Hajx oTeBepctueM (puc. 19). 3amerum, uto v=uv(h) ABIAgETCA
dyHKIUEr oT h, 3HAUUT, II0 Mepe BBLITeKAHUS
BOIBI CKOPOCTH BBITEKAHUSA yMeHbIaercda. Ec-
JIX TOIBITATHCS BBIBECTH (POPMYJY IJIA U U3 3a-
KOHA COXPAHEeHWUS OHHEPruM, TO IOJYUUM U=
=y/2gh. Koadpdunuent 0,6 cBasaH ¢ HaIU4IU-
eM BSABKOCTH.

CocraBuM auddepeHnuaaibHOe ypaBHEHNE
BBITeKaHUs BoAbl. Ilycts S(k) — miomanb
ceueHUs COCyJa Ha BBICOTe A HaA OTBEPCTH-
eM, a BbicoTa h=Ah(t) ecTb QYHKIHUA Bpe-
MEHH, OIMCBIBAIOIIAsA BbITEKaHHE. 3a BpeMsA
oT t 1o t-+At BbICOTA M3MEHHUTCA HA BEINYU-
Hy Ah=h(t-+At)—h(t) (xoropas OTpHUIATEb-
Hal), a 00béM AV BBITEKIIelH KUIKOCTU OyIeT
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~— N mupumepHo paBer —S(h)Ah. C Apyroi CTODOHSI,
~— | ecim s — mIOmMAAb CEYEHUS OTBEPCTHS, Ueped Ko-
TOpOe BBITEKAEeT BOJAA, TO scHO, uTo AV ~v(h) s At,
TaK KaK 3a BpeMa A¢ BBITEKaeT BoJa TOTO Ke
00bEéMa, UTO W IUJIUHADP CEUEHUA S U BBICOTHI
v At. TounocTh 006eux Gopmya anasa AV BospacTaer
¢ ymenbiienueMm At. IIpupaBuuBas HalileHHBIE BbI-
pakenus mua AV, moayuum —S(h) Ah~v(h) s At.
Hensa Ha At u mepexonsa K mpexpeny mpu At— 0, Mbl
OpuUxoauM K (opmyJie

s L —S(h) W' =sv(h) mm B ——< (h) 5 _u(h).

PemtumM, HampuMep, TaKyio KOHKPETHYIO 3am1a-
Puc. 20 uy: 3a KaKoe BpeMs BbITEUET BCS BOAA M3 ITUJINH-
OpuUecKoro 60aKa BBICOTOM 2 M M AMAMETPOM OCHO-

BaHuA 1 M uepe3 oTBepcTme B AHe mmamerpoMm 1 cm (pumec. 20)? 3mech
S(h)=r-(0,5)>=const (B KauecTBe eJUHUILI BO3LMEM MeTp) WaK (IO-
ka Oe3 umcen) S(h)=rR?, R — pagmyc ocHOBaHHA O0aka, R=0,5 m;
s=nr? — IIomaAb OTBepCTUA, I' — pajuyc oreepctud, r=0,005 M,

2
AV=nR2Ah~—nr?.-0,6)/2ghAt, oTKyZa mOJyuaeM h’=—0,6%1/2gh.

Pemenme sToro YPAaBHEHUA AHAJIOTUYHO DPEIIeHUI0 YPaBHEHUA paguo-

K(t)

akTuBHOTO pacmana. [logenum obe uactu Ha 1 2gh. [lonyunm ——==

V/28h(t)
2

=—O,6%, uian, mo Gopmysae auPepeHIIUPOBAHUSI CJIOKHON (PYyHK-

/ 2\
nuu, [% =[—O,6%t] , OTKYyZIa

%=—0,6;—Zt—|—0.
Tenepsb onpenenum C. 118 9TOTO BOCIIONB3yeMCsI HaUaJIbHBIM YCJIO-
Buem h(0)=H, rme H=—2 m — BbICcOTa 6aka. Orcroga C=¥. B uro-
re MOJIy4YUM Vs

MoMeHT BBITEKaHUSA BCEH BOALI XapaKTepuayercsa Tem, uto h=0,
OTKyzZa BpeMs T BBITeKaHUsS Bceil BOALI MOKHO HAWTH U3 ypaBHEHUS

2 2 2
O,GF—ZT=@, nim T= 2VHR = 21/5((1’5) ~10% c~3 u.
R V2g 0,6ry/2¢g  0,6-(0,5-102)%)/2.9,8

Breruncierna mpoBeneHBI ¢ OOHOM 3HAuamied nmu@poil, TaK KaK WMeH-
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HO C TaKO¥M TOUYHOCTHIO JAHBLI BCe MAaHHLIe 3amauu. IIpu pelreHuH C Ta-
KOM TOUHOCTBLIO JIETKO OOOWTHCHL 0€3 BCAKUX BBIUNCIUTEIbLHBIX CPEICTB
U 11eJ1ecO00pasHo HAYUYUTHCS AEJIaTh 3TO, YTOOBI B 0OJiee CIIOMKHBIX CIIY-
yadgx yMeThb JIejlaTh Ipy0yio IPUKUAKY OTBETa.

Brime pemreno auddepednuanbaoe ypasHenue h'=ay h, roe a —
mocrosiHHAsA. BoJsiee ofiee ypaBHenue y =f(y) pelaercss aHAJIOTUUHO:
€To pellleHUE BhIpasKaeTcA uepesd MHTerpajisl Tam, rae f(y)=~0. A nmen-

4

y:

@) 1. Eciu G(y) — mepBooOpasHada (YyHK-

HO, 3aIlIuIlleM €ro B BHUJIe

1 1 _(dy _
MHM o, T €. (G(y)) ) G(y) S Ry’ T T mpasuiy aud

(epennupoBanus ciaoxHOM QyHKIuu moayuaem (G(y(t))) =(t), oTkyzna
G(y(t))=t+C. Uz ypaBuenus G(y)=t—+C mMokHO HallTK y KaK PYHK-
I oOT t.

37. ITmnuuagpuueckuii 0aK IIOCTABJE€H BEPTUKAJIBHO UM HUMEEeT OT-
Bepctue B nHe. Iloio0BMHA BOABI M3 IIOJHOTO 0aKa BLITEKAET 3a D MUH.
3a Kakoe BpeMs BBITe€UET Bcs Boma?

38. Bopouka mmeer (opmMy KomHyca, odpa-

HIEHHOTO BEPIIWHONW BHU3, C PASUyCOM OCHO-
BauuA R—6 cm u BoIcoTOit H=—10 cM. 3a Ka-
KOe BpeMs BBITE€UeT M3 BOPOHKU BCS BOJA Ue-
pe3 Kpyrioe orBepctue aumamerpom 0,5 cwm,
cleslaHHOe B BepIimHe Komyca?

39. JIBe ogMHAKOBbIe KOHHUYECKHE BOPOH-

KM BBICOTOM 1 M m pagmycoM ocHOBaHUA 1 M /Z‘,’f‘lﬂ'&\\
HAIIOJHEHBI BOJOM U PACIIOJIOMKEHLI OLHA BeEp- -
IIMHOM BBEPX, a Apyrasd — BEPIIMHON BHU3
(puc. 21). B gHe KaX0¥ U3 HUX CAEJIAHO OT-
BepcTtue nuamerpoMm 1 cm. V3 KaKoii BOPOH-
Ku ObIcTpee BbITeueT Bojga? Bo cKoabKo pas?
HaiiTz BpeMs BBITEKAHUS BOABLI U3 KayKIOU

BOPOHKM. ’,’y:’wly‘vy\\\
o PRl
40. HaiiTu BpemMsl BBITEKAHUS BOJABI U3 Ya-
my, uMelomeil dopmy mnosychepbl pamuy- Puc. 21

com 1 M, uepes oTBepcTHE B JHE AUAMETPOM

1 cm (puc. 22).
41. Yama umeer (popmy mapaboouma: Io-

BEPXHOCTHM BpallleHus KycKa mapaboabl y=—

=ax?, 0<{x<Cb. HaiiTu BpeMs BBITeKaHUSA

BOJBI M3 9TOM UYallld Yepe3 OTBEpPCTHE B IHE

auaMeTpoM d. BuIUMCINTE 3TO BpeMs IIpHU

a=1wm1, b=1 ™, d=1 cwm. p
42. Yait oxnagmiacs 3a 10 mum ot 100 °C i

mo 60 °C. 3a kKaxkoe BpeMs OH OCTBIHET Puc. 22




mo 25 °C, ecqau Temmeparypa Bosxyxa B KomHare 20 °C? (CxopocTb
OCTHIBAHUS IIPOMOPIIMOHANBLHA PA3HOCTH TEeMIEepaTyp Tejla U OKpY-
JKaroIeil cpejbl.)

43. B 6ake maxomutca 100 i1 pactBopa, comepskariero 10 Kr coJu.
B 0ax mHempepbIBHO mogaércs Boja (5 J1 B MUHYTY), KOTOpas mepeMe-
mmBaeTca ¢ uMelonuMcsa pactBopoM. CMech BBITEKAeT C TOH JKe CKO-
pocthio. CKOJIBKO COJIM OCTaHeTcA B Dake uepes dac?

44. Cocyn oobémom 20 1 comepsxut Bo3ayx (80% asora u 20% xu-
caopoza). B cocyn Brexaer 0,1 7 asoTa B CeKYHIy, KOTODBIN Helpe-
PBIBHO IIePEMEIINBAETCSA, a BBITEKAET TAKOE K€ KOJHUYECTBO CMECH.
Yepes CKOJIBbKO BpemMeHU B cocyne O0yzer 99% asora?

45% B xuMuUYecKOll peaKIIMM aTOMBI MM MOJIEKYJbI BelecTBa A
00BeIUHAIOTCA B MOJEKYIbl Ay: A A— A, (Tak MOKeT 06CTOATH Je-
JIO, HAIPUMeP, C aTOMapHBIM BOAOPOAOM WM KHCJIOPOIOM, a TaKKe
mpu o0pasoBaHuy AUMePOB). IIpy 9TOM CKOPOCTh PEaKI[MX IPOIOPIH-
OHaJIbHA KOJIMYECTBY CTAJKWBAIOIUXCA Iap, T. €. KBaJgparTy WMero-
mieiica B paccMaTpHUBaeMbIii MOMEHT MAacChl JAHHOTO BelllecTBa. B He-
KOTOPOM COCYyZie uepes b MWH Iocje Hauajla PeakIuu OCTajach JHUIIb
MOJIOBMHA HeIlpopearmpoBaBiiiero BermecTBa A. Yepes Kakoe BpeMs
ocraHercda 1% OT MCXOOHOTO KOJMUYECTBa BellecTBa?

§ 7. ATMOC®EPHOE A ABJIEHME

Haiiném 3aBHMCHMOCTL MaBJE€HHUS BO3AyXa OT BBICOTHI A HaJ ypOB-
HeM Mops. IIpm sTom Oymem mpeHeOperaTh M3MEHEHHEM TeMIIepaTy-
PBI BO3AyXa B 3aBUCUMOCTH OT BBICOTHI U d(deKTaMu, CBABAHHLIMU
C TOPM3OHTAJbHBIM JBUKEHMEM Bo3ayxa (T. e. BeTpom). HamomuawumM,
YTO Ha IOBEPXHOCTH 3eMJM (Ha yPOBHE MODA) [aBJeHHE DABHO pj=
=10° [Ta=10% H/M?>=10 H/cm®=1 arm (1. e. 1 aTmocdepa), a ILIOT-
HOCTb BO3JyXa (Ha ypoBHe Mops) paBHa 0,=0,0012 r/cm®. Ham mona-
IOOUTCS CBsA3b AABJEHUS W ILIOTHOCTH BO3AyXa IpW (DUKCUPOBAHHOM
Temneparype (Koropyioo Oymem cumrarhb paBHoil 0 °C). Ora cBaA3hL 3a-

.. m
IaéTcs YHUBEPCAJbHBIM T'a30BBIM 3aKOHOM pV=MRT, e p — IaBJe-

HHe rasa, V — 3aHuMaeMbIl UM 00BEM, m — Macca rasa, M — ero
MOJIApHAA Macca, T — abcoJioTHasA TeMIlepaTypa rasa, R — yHHUBep-
caysibHas1 rasoBas nocrosHHas. [Ipu T—const monyuaem pV=Cm, uau
m m
p=cv, unu p=Cp, rae p=7 — IIJIOTHOCTH rasza. OrmeTrum, 4TO CO-
orHoIeHne p—Cp BepHO € OLHOHN U TO# Ke mocToTHHOU C AJIA JII0OBIX
00BEMOB Tasa (B HAIlEM cJydae BO3AyXa), HAXOAIIErocd MPU AAaHHOU
Temueparype. Ilocroaaryio C MOKHO HaWTH, B3SB BO3AYX Ha YPOBHE

Mops, Tfle p=p,, P=p0,, OTKYJa C=%, ¥ OKOHUYATEJIbHO CBA3b P U O
0

1%

sajaérca HOpMyJIOn p=p,-— WIH p=p0£.
Po Py
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Temeps HaliféM gaBleHNe KaK (QYHKIIIO AN
BBICOTHI, T. €. (yHKIUI p=p(h). PaccmoTpum N~
KaK MeHAeTCA JaBJeHWEe NIPU Iepexojie OT BhI- P,
cotel h K BeICOTEe h—+Ah. Ilnsa sTtoro paccmo- l
TPUM BEePTUKAJIBHBIN CTOJOUK BO3AyXa CEUEHU- h-+Ah
eM S u 3aTeM BBIAEJIUM U3 HETO YaCThb MEK- mg
oy Beicotamu h u h—+Ah (puc. 23). Ias srToit 1
YacTHU HAMUIIEM YCJOBUA PaBHOBECHUS: CyMMa h A
BCceX BHEITHUX CHUJI paBHA HYJI0. BHelrHue cu- | P,
JIBI HAIPaBJIEHBI 10 BEPTUKAJU U IPEACTABIA- 7
IOT co0oli: faBlIeHHne cBepxy P, JaBleHue CHU- JM%M&
3y P, u Bec mg. Bce cunml OyaeM cunMTaTh
C y4éTOM 3HAKOB (IOJOMKUTEJIbHOE HAaIIpaBJie- Puc. 23
HMe — HaIpaBjJeHue pocta h, T. e. BBepX).

C yuérom sroro nonyuum P,=p(h)S, P,=—p(h+Ah)S, a Bec P=
=—mg. 3amMeruM, 4To 00BEM cTosIbuKa Mexay h u h—-+Ah paBen SAh.
CienoBaTresnbHO, ero Macca paBHa m=~p(h) S Ah (3T0 HpUOIMKEHHAA
(opmysa, Tak kak p(h) MeHdeTcsa Ha OTpe3ke oT h no h—|+Ah, HO eé
TOYHOCTL PacTeT ¢ ymeHbInmeHmeM Ah). B mTore ycioBue paBHOBECHUS
npuobperaer Bup Sp(h)—Sp(h-+Ah)~p(h)gSAh. Oens ua SAh u mepe-
xonsi K npegmeny npu Ah—0, monyuaem —p'=pg, wiu p’'(h)=—p(h)g.

9TO y:Ke TOYHOe PaBeHCTBO. Bripasum p uepes p o dopmyJie, Ipu-
BeneénHon Beime: o(h)=p,p(h)/p,. Torna monyuum ara p(h) nuddepen-
IUaJIbHOE YPaBHEHUE

p(ny=—2%

p(h)
unu p’'(h)=—~kp(h), rone k=p,g/p,. Ho sT0 ypaBHeHMe y:Ke BCTpeda-
JIOCh HAM B TE€OPWU PAAMOAKTUBHOTO pacliaia, U ero pellleHue HaM XO-
poOIIIo0 3HAKOMO:

p(h) zpoe_kh =poe_p°gh/p° .

Beruucaum kKoaddunveHT kB u HaWAEM 3HAUEHUA p HA Pa3HBIX
BeIcOTax. Mmeem:

_ Pog 1,210 73 r/em3-10 m/c* _ 1,2-10 % r/em
Do 10 xr-m/c?-cm? 103 r

=1,2-100% cm1=1,2-10"6-10°xm1=0,12 xm 1.

WUraxk, p(h)=p,e—*'2", rane h — BbIcOTA
B KHJIOMETpax.

ITpuBegém Tabauimy sHaueHuit p(h) h, KM p(h), at™
Ha PpAasHBIX BBICOTAX, IIOJYYEHHBIX
mo sToit (Qopmyse. BberumciieHnme MOK-
HO Iejarh Tak: e 0129 —¢—0,6 1,305
—(/3)"1~0,6 u T. 1.

k

Tabauma

el
=wWwo

5
8,9 (9BepecT)
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23



3amerum, uTO Ha BhicoTe 20 KM, TZe JIeTAlOT pPeaKTHUBHBIE CAMO-
JéTel, Bo3ayxa B 10 pa3 MeHbIle, UueM Ha IIOBEPXHOCTH 3eMJIU.

ITU pes3yJabTATHI XOPOIIO COTJIACYIOTCA C Pe3yJbTaTaMu, IOJIyUeH-
HBIMU HETIOCPEJCTBEHHBIM M3MePEeHUEM JaBJIeHUs (C IIOMOIILI0 6apoMe-
Tpa). IlosToMy Bce cheslaHHBIE MPEAMOJOMKEHUS OKAa3bIBAIOTCS OIIPAaB-
JaHHBIMH.

46. Ilnanera «Axguabara» MMeeT TOYHO TaKue Ke ()OpPMYy, pasMepsl

1 Maccy, Kak 3eMJsi, HO eé aTmocepa COCTOUT W3 Trasa, TaBJIeHUE
¥ TJIOTHOCTH KOTOPOTO CBA3AHBI II0 anuabaTUUecKOMYy BaKOHY p=—
=Cp?/3, mpuuém Ha TTOBEPXHOCTH TLIAHETHI p=p,=10 H/cm?2=1 at™
u p=p,=0,0012 r/cm® (1. e. Kaxk Ha Bemue). HaiiTu BhICOTY armo-
cepsl 5TOM ILJIaHETHI.

§ 8. 3AAAYA O TPEHMM HAMOTAHHOIO KAHATA

JJ 0CTAaHOBKM PEUHBIX CYAOB Yy IPUCTAaHUW C HUX OpocaloT KaHar,
KOTOPBIM HAMAaTBIBAIOT Ha CTOJ0, CTOAIMUNA Ha npucranu. OIUH KOHeI]
KaHaTa IPUKPEILIEH K CYIHY, a APYyroi TaHeT paboumii Ha TPUCTAHU.
W3BecTHBI KOA(DDUIIMEHT TPeHUA KaHaTa O cToJIO kB (Hampumep, Xapak-
TepHOe 3HaueHMe k=—1/3), uMcJI0 BUTKOB KaHaTa BOKPYT cToJiba (Ha-
nmpumep, 3 BuTtka). IIycrs pabouwnii tauet ¢ cuioit 100 H. Kakaa cuna
TOPMOBUT CYIHO?

PaccmoTpuM cuiibl, OeHCTBYIOIIHME Ha KYCOK KaHaTa, JeXKallluid
OT HANPaBJIEHUSA, COCTABJAIONIETO YTOJ ¢ C HEKOTOPHIM HAYaJIbHBIM
HampaBJIeHWEeM OTCUETa YIJIOB, A0 HAIPABJIE€HUSA, COCTABJAIOIIETO YTOJI
@+Ap c sTMM Ke HAUAILHLIM HAIpPAaBJIEHHEM. OTO CHJIBl HATIMKEHWU
kanara T(p) u T(p+Ap), meiicTByio-
e Mo KacaTeJbHBIM (puc. 24), peak-
nusA croba N, HampaBJIeHHAs IO HOP-
MaJu K KaHary (cumraeM Agp Masbim!),
7’(@ ¥ cuiya TpeHus F,, TO)Ke HaIlpaBJeH-
Hasd IO KacaTeJbHOH M 10 BeJIUYNHE
paBHaa F.,=EkN. BekrTopHasa cymMMa
9TUX CUJI OOJIKHa ObITh paBHa 0. Ile-
PeHOCS TOUKY IPUIOKEHUS BCEX CUJI
B TOYKY KaHaTa, COOTBETCTBYIOIIYIO
Yy ¢, HOJAYYUM KapTuHKY (puc. 25),
u3 KOTOpoii, mpupaBHHBasg K 0 cym-
My KacaTeJbHBIX U HOPMAJBHBIX CO-
CTaBJIAIONNX BCEX CUWJI, HAXOQUM, UTO

0=N-+BA=N—T(p+Ag) sin Ap~

T(p+Ayp)

Puc. 24

~N—T(p) Agp,

A T(e+Ay) o @) &
Fup \(fj) 0=T(p+Ap) cos Ap—T(¢)—F, ~

Puc. 25 A\:T(go—f—Ago)—T(gD)—FTp
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(MBI BOCHOJIB30BAJIMCH TEM, UTO €CJAM X MAaJIO, TO Sin X=X M COS X~
sin x
=1,

~ s 4 _ 4 _ s
~1, mockoabky (sin x)|,_,=1, (cos x)'|,_,=0, T. e. }Cll% p

1'11% M=O]. B wurore mosyuum T(<p+A(p)—T((p)~FTp=kN~
x—
~k T(¢) Ap, oTKyzna, mena obe yacTu Ha Ap U HepexXond K IIpPeaesy

mpu Ap—0, mosyuaem
T'(0)=kT(p) u T(p)=T,e",

rae T, — cuna Ha ypoBHe ¢=0. MoxxHO, HampuMep, B3ATh B Ka4eCcTBe
¢=0 To MecTO, Tle KaHAT CMAaTLIBAETCSI B CTOPOHY pabouero, Tak UTO
T,=100 H. Eciu kanar genaer 3 o6opoTa, TO CuJa, NeACTByoOIIas
Ha CYOHO, IOJyYaeTcsa mpu ¢—G67m, T. e. B 3TOM cJydae

T(9)=T(67)=Te>*=100e>"~50 000 H.

WUrak, ecau paboumit Tamer xaHat ¢ cuiaoir 100 H, mpubiusuTennb-
HO paBHOIi Becy rpysa ¢ maccoil 10 Kr, To CyJHO TOPMOSUT CHJIia BEJIU-
upHO# 5-10* H, mpumepHO paBHad Becy rpysa maccoit 5000 xkr=>5 .
ATy cuJay MOKHO, pasdyMeeTcs, CIejaTh CKOJIb YIOAHO OOJIbINO, yBe-
JUYUBAsS YUCJIO 000POTOB KaHaTa BOKPYI CToJIOA.

§ 9. YCKOPEHME KAK NMPOU3BOAHASA OT CKOPOCTM.
3AA0AYHA O NAAEHMM B BO3AYXE
C YYETOM COMPOTMBIIEHMSA BO3AYXA

OcHOBHaA IpUYKWHA TIOJIEBHOCTHY aHAIN3a B MEXaHUKE COCTOUT B TOM,
YTO CKOPOCTH — 3TO HPOMBBONHAA OT IMPOMJEHHOTO IIyTH, a YCKOpe-
HUe — IIPOM3BOJAHAA OT CKOpocTHu. IlepBoe MBI y:Ke McHOJIb3oBau. I1o-
AcHUM BTOpoe. Ecium TOuKa ABUIKETCSA BOJHb IPAMOIl U €€ CKOPOCTh
B MOMEHT BpeMeHU ¢ paBHa U(f), TO YCKOPEHME B 3TOT K€ MOMEHT PAaBHO

a(t)= U,(t)zAl;lE% W ,

TaK KaK YCKOPeHMe paBHO CKopocTu wusMeHeHus u(t). Bropoii 3a-
KoH HynloToHa 3amuchiBaeTcA IJIA MaTepPUAJIbHON TOUKU, OBMIKYIIEHCS
o IPAMOIi, B BUIE

ma(t)=F wnmu mv'(t)=F,

roe F — cuia, KoTopasd HOeificTByeT Ha 5Ty MAaTEePUAJILHYIO TOUKY.
IIpomie Bcero mMeTs AeJio ¢ CUIAMU, 3aBUCAIMMHU TOJBKO OT CKOPOCTH.
A unmenno, ecntu F=f(v), To mosyunm ypaBHEHUE

my (O =f@), wm V)=o),

OHO peIllaeTcs TaK, Kak OblI0 00bscHEeHO B KoHIle § 6. IIpuBeném mpu-
Mep B3ajaum, KOoTopas MOMKeT OBITh pellleHa TakuM oOpasom. Ilycts
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TpebyeTcA ommcaTh maJeHune Teja B BO3AyXe IIPU YCIOBUU, UTO COIIPO-
THUBJIEHUE BO3JyXa IIPOIOPINOHAJIBHO KBaJApaTy CKOPOCTH (OIBIT IIOKAa-
3bIBAET, UTO STO JOBOJHLHO TOYHO COOTBETCTBYET MeHCTBUTENIHLHOCTHU).
Torpga geiicTByloliad Ha majgamlrnee Tenao cuina F=mg—Fconp, uin F=
—mg—av?, Toe a — K03(hDUIIMEeHT TPOTMOPIMOHATBHOCTY (IIOJIOMKHU-
TeJIbHBEIM CUHMTAaeM 37ech HalpaBleHWe BHU3). B mrore mv’ =mg—av?
unu v =g—Fkv?, toe k—a/m. PemuM 5T0 ypaBHeHHe. 3aMeTHM, UTO
B Hauaje ABmKeHnsa v=0 u g— kv? >0. CoorHomernne g—kv2 >0 ocTa-
HeTCsI BEepPHBIM B TeUeHHNe BCEro BpeMeH! ABMIKEHUA, KaK Mbl YBUAUM
HIKe, a IIOKa OyZeM pellaTh ypaBHeHme TaM, rie g§—kuv2>0. Ilena

J
obe uacTu ypaBHeHHA Ha g —kv?, mosyuaeM g%=1. IIycrs F(v) —

kv
mepBooOpasHad QPYHKIIUHU g_ﬁ, T. €. F’(v)=g_ﬁ. Torma, mo ¢op-
MyJie Au(@EepPeHIUPOBAHNAA CIA0MKHON (PyHKIMK, moaydaeMm (F(v(t))) =

=(t) uwau F(v(t))=t-+C. Hatiném F(v): F(v)=S dv. Ons sro-

1
g—kv?
1 1 _ 1 [ 1 4 1
g—k’ (/e —(/kv)? 2/8 |Yet+Vhv | Ye—VRv

KO IIpoBepAeTCcdA, 4TO

ro HamuIleM ] Jler-

1 1 1 1 _
S 1/mdl)—l/E ln(]/E—f—l/EU), S I/E—ﬂudv ﬂ 1n(1/§ VEU).
Orcroza
1 1 . o 1 1/§—|—1/EU
S 7 0? dv—2@ (1n(1/§—|—1/EU) In(y/g ﬁv))—g@ In Vi
(mocrossuuyo C AJd KpaTKOCTU He muiiieMm). MTak, mosydyaem
1 Ve+vho

o/ ah In 1/§—1/Ev_t+c'

ITpu t=0 pgomxkHO OBITH V=0, Tak KakK IaJeHue MIPOUCXOAUT 0Oe3
HauaJabHOI cKopocTu. IloacraBaasa t=0 u v=0 B popmyiy, moayUdaeM
0=0-+C, r. e. C=0. Urax,

1 In 1/E_H/Ev=t
2k yg—vVkv

OTcroza JIerKO HalTH v:

g eekt__1
L= E.iez/gikt—f—l.
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Beném dyrKIUIO
e —1 e —e 7
e?*+1  eHfe?’
KOoTOopas HasbIBaeTCA zunepbosuyeckum maHzencom (Opyrue BawK-
Hble TunepoosnyecKkre GyHKIUU — zunepbonuveckuil kocunyc ch z=

e?+e* . e?—e?
=—F — u zunepboauydeckuil cunyc sh z=—2—| Ecnu npumars

9TO 0003HAUEHNE, TO IIOJIydyaeM

v(t)=‘/% th(y/ gk ¢).

1—e % e —1
3ametum, uro th z= Tre ™ (B dopmyae th z= 1 MOLEeJIUIN UU-

cauTeNhb W B3HAMeHaTenb Ha e2?). Iloaromy lir+n th z=1. Orciozma
Z2— 00

th z

tliJIrn v(t)=‘/% Takum o6pasoM, cKopocThb U(f) He pacTéT Heorpa-

HUYEHHO, HO MMeeT IpU t— oo Ipemes vnp=‘/%. Breipasum k ue-

pes g m v, ITonyumm: k=§ U gajnblie y g =Ui, OTKyza opmya
p p

nns v(t) mpuobpeTaeT BUL

gt
v(t)—vHp th v_np

HHTepecHO OTBETUTH HA CJIEAYIOIINE BOIIPOCHI:

1. YTo mpoOUCXOAUT TIPU MAaJbIX t, T. €. KOTJa CKOPOCTh HeBeJIWKa
U COIIPOTUBJIEHVE BO3AYyXa BJUSAET MaJio?

2. 3a Kaxoe BpeMs CKOPOCTh IIPAKTUUYECKHU JOCTUTAET IIpeaebHOM,
HampuMep, craHoBuTcsa 6osbite 90% mpemeabHO?

Haumém ¢ mepBoro Bompoca. BrelgcHuM, Kak BeméT ceba th z mpm
MajeIX 2. BumHo, uro th zA~Zz mpm MaIBIX 2, IOCKOJIBKY eX?~1-}2z
npu Manbix 2 (umaue: th 0=0, a (thz)|,_,=1). Orcooga thz=

e#—1 = 2z

= X ——=~2 IIPHU MaJbIX Z. H03TOM IpU MaJbIX { IOJIyUaeM
1 2212 p y op Y

gt
v(t)~v,, =8t

p
T. e. 00BIUHYIO (POPMYJy CBOOOAHOIrO THameHus (C HYJIEBOH HAUYATBLHOMN
CKOPOCTBIO).

OrBeTM Ha BTOPOI Bompoc. YcioBue th 2z=0,9 B cuny dopmyJinl

_ p,—2z
th z=ﬁ osHauaer, uTo e 22~0,05, 1. e. 2z=In 20~3,0, wiu
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z~1,5. Bo Bcakom ciayuae th z2>0,9 mpu z=1,6. IlosTromy yciaoBue

160

t
UL>0,9 3aBEJIOMO BBITOJHAETCS IIPU 5;>1,6, T. €. Tpu t >—
p p

9To OTBEeT Ha BTOPOU BOIIPOC.

WuTepecHO TaK:Ke MOHATL, Koraa (IpH MaJbIX t) eIé MOKHO Ipe-
HeOpeub compoTHBIeHMEeM Bosayxa? [lyis aTOro HaZO yMeTb OIeHWBATh
pasuocTh € —(1-+2) npu Maneix 2. MOXXHO ZOKa3aTh, uto e —(1-+2)~

3
z
=+ 5 Orcioza moisydaercd, 4uTo th z—za~—23/3. Ecam MBI XO-

THM HMETh OTHOCUTEJILHYIO IOTPEIIHOCTh MeHbIne 0,1, To HaZo B3ATH
[th z—z|/2=2%2/3<0,1, T. e. 2<0,5 3aBefoMO /:[oc'raTquo. B wmarmreit

3ajZiade 9TO O3HAYAET, UTO —<O 5, r. e. <0, 5
np
JKCIeprMeHTaJLHO WM3BECTHO, UTO NIPU IaJeHWu dYejJoBeKa (0e3
IapaImoTa) U —50 M/c. 3meck popmyia v=gt xoporma upu < 2,5 c,
a mpejebHAsA crcopoc'rb noutu Habupaercsa 3a 8 c.

47. Jlogxka samemyiseT OBUKEHUE IMOJ OeliCTBUEM COINPOTUBJICHUS
BOJbI, IIPOIIOPIIMOHAJIBHOTO CKOPOCTH JIOAKW. HauasbHasg CKOPOCTH
agoaku 1,5 m/c, uepe3d 4 ¢ CKOpPOCTh €€ cTaHOBUTCA paBHa 1 M/c.
Korga ckopocts ymenbinutea 10 1 cv/c? Kakoii nyTh IpoiigéT Jonka
JI0 OCTaHOBKU?

48. MoTop JIOAKM CO3[aéT IMOCTOAHHYIO CUJIy TATU, a CHUJIa Tpe-
HUSA O BOAY IPOIOPIMOHAJNbHA CKOpOoCcTU. a) [JloKasaTb, YTO CKOPOCTH
JIOAKY HE MOXKeT IPEBBICUTh HEKOTOPO! IPeAeJbHON CKOPOCTH U,
6) Haittu ckopocTs JOAKM uepes 5 ¢ mocje Havaa ABUIKEHUT, eCJII/I
Unp =30 KM/4, a cKopocTh eé€ mocJie 2 ¢ ObLIa paBHa 5 KM/4. B) Haii-
TI/I yTh, MPOUAEHHBIN JoAKOM 3a 5 ¢. ) Korma cKopocTh JOOKU MO-
cruraer 90% oT mpemeabHONR?

49. Ilpu mageHuu Tejaa B KUIKOCTU JJis HEOOJBIINX CKOPOCTEHN Cu-
Jia COTPOTUBJIEHUS IMPOIMOPIMOHANBHA cKopocTu. a) Cuurasa aror 3a-
KOH BBITIOJIHEHHBIM, JOKAa3aTh CYIIECTBOBAHME IPENEJTLHON CKOPOCTH
nageHus. 60) Cunraa mpemesibHYI0 CKOPOCTh PaBHOM 5 M/C, BBIICHUT,
yepe3 KaKoe BpeMsA CKOPOCTH Tejia cTaHeT paBHOU 4,5 m/c. B) Haiitu
IIyTh, IIPOXOAUMBIN IAJAIOIIMM TEJOM 34 IepBble 4 C IaJeHNsd.

50. a) HapucoBarpy rpaduru OQyurmuit y=ch x, y=shx, y=
=th x. 6) Hokasarb, uto (ch x)=sh x, (sh x)=ch x, (th x)’=ﬁ
B) Jlorkasats, uro ch? x—sh? x=1. 1) JlokasaTb TeOPeMbI CIOMKEHI:

ch(x-+y)=ch x ch y+sh x sh y,
sh(x+y)=sh x ch y+4ch x sh y,

_ thxtthy
th(x—+y)= 1+thxthy’
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51%. dyT6oabpHBINT MaAu maccoit 0,4 Kr OpoIilleH BBEPX CO CKOPO-
ctpio 20 Mm/c. CompoTHuBIIeHME BO3AyXa MPOMOPIMOHATIBHO KBaJpaTy
ckopoctu u paBHo 0,005 H mpu ckopoctu 1 m/c. Beruucauts Bpemsa
noabpéMa MAYa ¥ HAMOOJIBIIYIO BRICOTY IMOAbéMa. Kak mameHATcs pe-
3yJIBTATHI, €CJIU IpeHeOpeusb COMPOTUBICHUEM Bo3myxa?

52%, dyrdoapHBIN MAu Mmaccoii 0,4 Kr magaer ¢ BuicoThI 20 M (6e3
HayaJabHON cKopoctu). COmpoTHBJIEHWE BO3AyXa MIPOMOPIIMOHAIHLHO
KBaapary ero ckopoctu u paBuo 0,005 H npu ckopoctu 1 m/c. Haittu
BpeMs MaJieHus U CKOPOCTh Msua B KOHIle mageHus. Kaxk msmMeHATCs
pes3yabTaThl, €CJIM He YUYUTHLIBATH COIIPOTHUBJIEHUE BO3XyXa?

§ 10. PEAKTUBHOE ABMXXEHUE. ®OPMYJIA LIUOJIKOBCKOIO

Paccmorpum pmBuikeHMe pakeTbl B Kocmoce (pumec. 26). CrHauana
IPeHeOpEesKEM BCeMU BHEITHUMU CUJIaMU, AEeHCTBYIOIMMHN Ha DPaKeTy.
OCHOBHBIMU ITapaMeTpPaM’, XapaKTepPUIYIOIUMU PaKeTy U €€ JBUra-
TeJb, ABJAITCA: U, — CKOPOCTh MCTeUeHNUd Ia30B U3 COILIA PAKETHI OT-
HOCUTEJILHO KOPIIyca PaKeThl, AJA IPOCTOTHI CUUTAEM €€ MOCTOAHHOM,
OHa 3aBUCUT OT BUAA IPUMEHAEMOTO TOILJIMBA U COCTABJISAET 2 KM/C
IJIA TI0POXa M OKOJIO 4 KM/C JJIA KHUIKOTO TOILIMBa; M, — uCXomHasd
Macca PaKeThl ¢ ropoumM; M, — KOHEYHAasd Macca PaKeTHl ITOCJe BbI-
TOpPaHUsSA BCETO TOPIOYETO.

Hanumiem ypaBHeHue OBUMKEHHS PaKeThl, CUNTasA, UYTO OHA IBU-
JKeTcA mo mpamoit suHuHu. Ilyets z(f) — KoopAmHATa paKeThl (BLOJb
9TOM TPSAMOIM) B MOMEHT BpeMeHH t; v(£)=2'(f) — CKOPOCTH DPaKeTHI
B MOMEHT BpeMeHU t; m(t) — Macca paKeTbl B MOMEHT BpeMeHU t (dTa
Macca yMEHBIIIAeTCsA IO Mepe CTOPaHUA T'OPIOUEero).

Bocmoss3yemesa 3aKOHOM COXpaHEHUS MMITYyJabca (KOJIUUECTBA IBU-
KeHus). Ilpu sToM ymoGHO BBECTH MT'HOBEHHYIO CHCTEMY KOOPIAWHAT,
CBABAHHYIO C JeTAlled pakeroit (Tou-
Hee, PABHOMEDHO IBIIKYIIYIOCA C TOH
CKOPOCTBIO, C KOTOPOIl paKeTa [IBU-
JKeTcA B MOMEHT BpeMeHU t). B aToii
cucTeMe KOOPAWHAT CKOPOCTH PAaKeThI
(1 uMerorIerocsa B Hell TOILJIMBAa) B MO-
MeHT BpeMeHU ¢ paBHa HyJI10. Paccmor-
puM MOMeHT BpemeHu t—+ At B TOI Ke
cucreme KoopAauHaTr. IIpeamoso:Kum,
YTO 3a 9TO BPEeMA B PaKETe CrOPeJio
U BBLIETEJI0O U3 HEeé TOIJIMBO MAaccoi
—Am=m(t)—m(t+At). CKopocTs ca-
MOU paKeThl (C OCTaTKaMHu TOILINBA
yBeanumiack Ha Av=v(t-+At)—v(t)

S

¥ B pacCMATpPUBaeMOIl cHUCTeMe KOoOop-
IVWHAT cTaja paBHO Av, B TO BpeMs
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KaK CKOPOCTBb BBLJIETEBIIEero TOILIMBA paBHa —U, (C y4éToM Hampa-
BieHust). CyMMapHBIA HMIYJbC B MOMEHT t-Af IpUMEpHO paBeH
—Am(—ugy)-+mAv ¢ TOYHOCTBIO, PacTyIleit ¢ ymeHbIleHueM At (3mech
HETOUHOCTH CBA3aHAa C TE€M, UTO CO BpeMeHeM MeHseTcsa Macca m=—m(t)
¥, KpoMe TOr'o, CKOPOCTDH BBLIETA T'OPIOUEro B paccMaTpUBaeMoOil CHUCTe-
Me KOoOpAWHAT OyAeT paBHA U, JUIIL B MOMEHT BDPeMEHHU f, TaK Kak
TaJjbllie caMa paKeTa HAYHET IBUTAThCA). lIpupaBHUMBaA CyMMapHBIH
UMIIyJIbC K HYJI0, moayuuMm 0~—Am(—u,)-+mAv.

Hens o6e uactu Ha At 1 mepexona K npeneny npu At— 0, momyuum

m'(t
TouHOe paBeHCTBO 0=m'(t) u,+m(t) V'(t), orxyna v’(t)=—u0$,
nnu V' (t)=(—u, In m(t))’. Orcroza
v(t)=—u, In m(t)-+C.

Hna maxompenua C momoxkuMm t—=0 u OygemM cumrTath, uTto v(0)=
=0, T. e. pakera ABUKeTcA 0e3 HauaJIbHOU cKopoctu. Torga mosydum
m(0)=M,, u ypasHenue npu t=0 mpumer Bup 0=-—u,In M,+-C,
T. e. C=u,In M. IlosTomy (hopmyna s v mpuobpeTaeT BUJ

M
v(t)=—u, In m(t)4-uy In My=u, In Wg)

B mowmeHT, KOrga BCE€ TOIUIMBO H3PACXOJOBaHO, moaydum m(t)=M_,

v=u, In ﬁo
K
Jra dopmysa HasbiBaeTca @opmynoit L{uonkxoseckozo. OCHOBHOM
BBIBOJ, M3 3TOM (DOPMYJIbI: paKeTa MOKeT JOCTUYL CKOPOCTHU, OOJIBIIIEH,
YyeM CKOPOCTh MCTEUEHUs Ta30B U3 COILJIA, XOTA AJISA 3TOTO OTHOIIEHUE
Maccel M|, pakKeTBl C TOILIMBOM K Macce pakeTsl 0Oe3 Tommmsa M
NOJKHO OLITH OYeHb Benuko. [isa yBenudeHus oTHomenus M,/M.
Ha pPasHbIX 9Tallax IIOJIETA PAKETHI JeJal0T MHOTOCTYHIEeHUYATHIMMU.
IIpoananmsupyem, Kakada cujaa TATU JeHCTBYeT Ha JIETAIIYIO pa-
KeTy BCJIEJCTBHE BBLIXJIOIIA rasoB U3 coilia. VI3 (opMyJibl, MOIYUEHHOMH
BBIIIIE, HAXOAUM

mv' (t)=—u,m’(t).
Tlonosxum u=u(t)=—m’'(t), Tak uro 4 — pacxoj romausa. U3 dop-
MYJIbI BUAHO, YTO €CJIH TOJOMHUTDL Uyu=F, , TO ypaBHeHHE IIPUMET BUJ
BTOpOTO 3aKoHa HbioTOHA:

mv'(t)=F,,

nosToMy F, MOXHO CUMTATh CHJION TATU ABUTATeNs, 10O OHA CO3JAéT
YCKOpeHUe paKeThl TaK, KaK ecau Obl OHA Obljaa BHEITHEeMN CUJIOM.
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OnumeM Teneph ABUKEHVE DPAKETHI C YUETOM APYTUX NeHCTBYIO-
X Ha Heé cuj. PaccMoTpuM, HAIIpuUMep, PakeTy, CTApPTYIOIIyI0 Bep-
TUKaJBHO C MMOBEPXHOCTH 3eMJiM. B aTOM ciyuae ciemgyeT ydiecThb CUIY
TAMKECTU. Y pPaBHEHUE IIPUOOpEeTaeT BUJ

mv'(t)=F, —mg=—u,m’(t)—mg=u,u—mg

(TTOTIOKUTENTbHBIM CUMTAETCSA HalpaBjgeHue BBepx). UToObI paKkeTa OTOP-
BajJach OT 3eMJU, HEOOXOAMMO BBITIOJTHEHUE YCJIOBUSA

Ugo—Mog >0,

rae u,=u(0) — pacxox TonnauBa B HaYaJIbHBII MOMEHT BpeMeHHU. ITO,

o
B YACTHOCTH, OTPAHMUYMBAET Maccy: M, 0<%. Ianee, mens ypaBHeHUe
Ha m(t), TOIyUYuM

vV=—u ﬂ,—g
0 m )

wm (v(t)) =(—u, In m) +(—gt) =(—u, In m—gt)’, orxyna
v(t)=—u, In m(t)—gt+-C.

IIpu t=0 umeem v=0 u m=M,, orkyga C=u,Iln M,, u B urore

M,
0
v(t)=u, In —= —gt.
(B)=u, In 205 —¢
Ecnu monér mpogoskaicsa B TeueHrue BpeMeHu T M Macca paKeTbl
B KOHIIE IT0JIETAa OKasajach PaBHOW M, TO IMOJyYUM CJIEIYIONIYI0 CKO-
POCTb B KOHIIE ITOJIETA:

M,
v=u, In ﬁo —gT.

K

3mech MBI He YUYUTHIBAJIU W3MEHEHUS CUJIBI TAMKECTH B 3aBUCUMOCTH
oT BBICOTHI. IIpu pacuéTe KOCMHUUYECKHX IIOJETOB 3TO IPUXOAUTCA YUU-
THIBATH HaAPANY C COIPOTHUBJIIEHMEM BO3AyXa ¥ MHOTOCTYIIEHYATOCTBIO
pPaKeTsl.

53*%. Pakera, macca KoTopoii Bmecre ¢ TomauBom M =10 T, nagasa
Ha 3eMJI0 CO CKOPOCThI0 V=3 KM/C BEPTUKAJIHHO BHU3, HAUWHAET
TOPMOKEeHUe, BKJIIOUUB Ha BpeMsa T=—10 ¢ gBurarejb, COIJIO KOTOPO-
ro ooparleHo K 3emJje. 3a BpeMsa TOPMOKEHUS ABUTATEJb PACXOIYyeT
m=—>5 T ropiouero, CKOpoCTh UCTEUEHUS MPOIAYKTOB KOTOPOTO 13 COII-
Jla paKeThl paBHa u,=4 KM/c. KaxkoBa OyJeT CKOpPOCTH DaKeTHI IIO-
cjie OKOHUYAHUA TOPMOKeHus? V3sMeHeHMEeM CHJIbI TSYKEeCTH C BBICO-
TOI ¥ COIMPOTUBJIEHMEM BO3yXa HpeHeOpeub.
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§ 11. ABMXXEHUE B CUITIOBOM TMOIJIE. KOJIEBAHUSA

ITycts mMarepmasbHad TouKa (Maccoil m) MOYKET IBUTAThCA BIOJIB
OoCHU X U IIPU STOM B TOUYKE C KOOPAMHATON X HA HeE OeHCTByeT cuja
F=F(x), T. e. meilicTByloliasd Ha YaCTUILy CHUJIA 3aBUCUT TOJHLKO OT eé
KoopauHathl. Yeped x(t) 0603HAUMM KOOPAWHATY UYACTHUIIHI B MOMEHT
Bpemenu t; v(t)=x'(f) — CKOpOCThb YacTUIbl B MOMeHT t; a(t)=v'(t) —
YCKOpeHUe YacCTUIlbI B MOMEHT t. PyHKIuA a(t) mosydaercsa us GyHK-
muu x(t) OIBYKpaTHBIM AuddepeHIITpoBaHUEM, II0ITOMY €€ uacTo 0060-
3HauaioT Takxke x”(t), uro MBI u OyAeM menaTh B maiabHeimem. CorJac-
HO BTOpoMy 3akoHy Hpioroma, mx” =F(x), uin, nmogpobuee, mx" (t)=
=F(x(t)). dena obe yacTu 9TOTO ypaBHEHUA Ha m M BBOAA obOO3HaUe-

HUA f(x)=¥, noayuaem x'=f(x(t)), niu, Kopoue,
x"" =f(x). (1)
O®Oyuknuo x”’=a(t) HA3BIBAIOT TaKiKe 8MOPOil NPou38odHoil PyHKIUN
2
x(t) mo t m ob6o3HAUAIOT Uepes d dﬁgt)

Cuna, samgaHHas B KasKJOW TOUKe IIPOCTPAHCTBA WM 3aBUCAINAS
TOJBKO OT 3TOM TOUKM (Ba’KHO, UTO OHA HE 3aBUCUT OT CKOPOCTU IBU-
JKeHUsA TOUKM, KaK Cujia TPEHUd), Ha3bIBaeTCA CcuJsosblm nosem. Ha-
IpuMep, CUJIOBBIM IIOJE€M SBJISAETCA TPABUTAIMOHHOE I10Jie HeIlOIBUK-
HBIX Macc (T. €. COBOKYITHOCTH CHJI IPUTAMKEHUA HECKOJBKUX HEIO-
IBU)KHBIX TOUEK). 3amaua o0 oOpallleHMu miaHeThl BOoKpyr CoJsHila —
mpuMep 3aJauM O IBUIKEHHU YaCTUIIhI B cUJIOBOM moJje. OTBeT B 9TOIk
3amaue yrajgayg Kemaep (m0osTOMy OHa YacTO Ha3bIBAETCA KEILJIEPOBOM
3amaueii, manu 3agaudeit Kemmepa): ncmosb3ysa acTpoHOMUYeCcKUe HaAOJIIO-
meuusi Tuxo Bpare, oH 3amMeTwus, UTO ILIAHETHI ABUKYTCA IIO 9JIJIHII-
cam. HbpioToH chopmynupoBas 3aKOH BCEMUPHOTO TATOTEHUSA U TIOKa-
3ajJ, KaK M3 HEro BhITeKaeT oTBeT Kemepa (T. e. pemma 3agauy Ken-
Jepa). Ira 3ajaya CBOAUTCA K MCCJIeJOBaHUIO ypaBHeHus Buja (1),
HO C BeKTOp-QyHKIMel X(f) BMecTO CKanapHON (yHKmum x(f) (Ipu
9TOM (PYHKIIUA [ ToxKe IIpeBpalllaeTcsa B BeKTOpPHYIO (yHKIuO f(X)),
3HaUeHNEe KOTOPOIl B KaKJON TOUKEe TPEXMEPHOI'0 IIPOCTPAHCTBA €CTh
TPEXMEPHBIN BeKTOp. B aTomM maparpade OyzeT paccMaTpuUBaTHCSA ABU-
JKeHUWe BIOJIb HeKOTOPOI mpAMOI (OcH X); IPU ITOM CHUJIa TOKE TIpPen-
moJiaraeTcsA HaOpaBJeHHOII BIOJIb dTou mpsamoii. [IpuBemém mpuMepshl.

IIpumep 1. ITapuk Ha NPy UHEKe. PaccmoTrpum Imia-
PUK c Maccoii m, JexKaluii Ha IJIaJKOM TOPU30HTAJIbHOM TOJY U IIPU-
KPeILIEHHBIA K CTeHe IPY:KMHKOoM. HampaBuM och X BIOJb OCH THPY-
JKUHKUY (puc. 27) 1 MOMeCTUM Ha Hell HAYaJ0 KOOPAWHAT B IIOJIOKEHUE
paBHOBecus: mpy:KuHKU. Torma mpu OTKJOHEHUU ITapUKa BAOJL OCU X
BO3HUKAaeT CUJia, HAIpaBJeHHas BJ0OJb ocu X U paBHada F(x)=——Ekx,
rae xosdduiment k>0 xapaxkTepusyer KECTKOCTH HPYKUHKU. Eciau
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x>0, Tto cuna F(x) HampasieHa
BJIEBO, TaK KaK MPYKUHKaA pacTd-
HyTa, a ecau x<0, To cuiaa Hampa-
BJIeHA BIPABO, TaK KaK HIPY’KUHKA
cokara (cm. puc. 27, 6, 8). ITo co-
oTBeTCTBYyeT (Qopmyse F(x)——Ekx.
Ypasuenue (1) mpuobpeTaeT B 3TOM
ciayyae BUT,

rr k

x'=—"1x, wm x"'=—o?x, (2)

m
rume w= k
pal m"

BriBemem pajia obIiero ypasHe-
HuA (1) 3aKOH CcOXpaHEHUA B3SHEP-
run. J[JIs1 9TOro MepenuIineM ero B Bu-
ne V' (£)=1(x(t)) u ymHO¥UM 06Ge ua-
cru Ha v(f)=x'(t). Torga moaydymm

() V(@) =f(x(®)) xX'(t). (3)

JleBast 4acTh MOKeT OBITH 3amMCcaHa
KaK IIPpOM3BOJHAadA:

u(t) v’(t)=[%vz(t)], .

ITonpo6Gyem chesiaTh TO 2Ke caMoe C mpaBoil uacThio. O003HAUNM uepes
g(x) nepBoobpasuyio pyuruuu f(x), T. e. g(x)= f(x) dx, Torga g'(x)=—

=f(x); Temeps momoxkum U(x)=——g(x). Torga

f(x(2)) x'(t)=(8(x(1))) =—(U(x(2)))

MO0 MPaBUJy AUPPEPEHIITNPOBAHUSI CJIOKHON (QyHKIuu. U3 (3) moay-

qaeM

(22) ——wewy

u, ciaegosaTesIbHO,

PO U +-E,

rae E — mocrosuHasa. MHaue:

v3(2)

2+ UG($)=E.
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dyurmusa U(x) Ha3bIBaeTCA NOMeEeHUUALbHOU dHepeueli. OHa MOMKET
OBITH 3aIKCcaHa, HAIPUMED, B BUJE

U)=— | f(x) da.

Xo

Ecau cumrars, uro m=1 (4To Bcerma MoOKeT OBITH JOCTUTHYTO M3Me-
HeHMeM eIWHUIT Macchl), To U(x) — paboTa, KoTopas COBepIIIaeTcsA CHU-
JlaMUd TAHHOTO TOJIS HPU IIepeMeIleHUM Teja U3 TOUYKU X B (PUKCHUPO-
BaHHYIO TOYKY X,. BEIGOD TOUKM X, HeBasKeH, IPHU APYroM BBIOOpE X,
BeaunumnHa U(x) U3MEHUTCA Ha MOCTOAHHYIO.

Wcnonbayem 3aKOH COXPaHEHUS OJHEPTUM [Jis PelleHusa 3amauu
0 IIapuKe Ha NPYyKUHKe. B aToM ciayuae
x2

U —o- 2 =25,

=

k
rae w:i/; , OTKy/Za 3aKOH COXPaHEeHUS SHEPTUU MMeeT BU/I

@OF | 20 _p

ITpu mamrom E 3TO ypaBHeHHe OJM3KO K THUNY, KOTOPBLIH MBI y:Ke
ngyuanu. Ecau E=0, To x({)=0, YTO COOTBETCTBYET TOMY, UTO IIa-
PUK IOKOWTCS B IOJOKeHuU paBHoBecus. Ilycts E >0. Torma, permas
ypaBHEHHE OTHOCHUTEJIbHO X'(t), mosydaem

x'(t)=-V) 2E —w?x2(t).

Cuyuras, 4ToO MOAKOPEHHOE BRIpa'KeHMWe He oOpallaeTrcsa B HOJb (Ha ca-
MOM JleJie OHO MOJKeT 0o0pallaTbCid B HOJIb JIUIINb IPU OTAEJbHBIX 3HA-
YeHUAX mapamerpa t), moaydaem

x'(?)
4y 2E—w?x3(t)

B cooTBercTBUU CcO cmocoboM perieHWs ypaBHEHUU TAKOTo THIIA,
OIMCAaHHBIM B § 6, Temepsh CIelyeT NCKATh IIEPBOOOPA3HYIO OT QYHKIUU

—1. (4)

1 .
h(x)= ————. Ilepenuiirem eé B Buie
() 4V 2E —w?x? P
+1 1 1 1 1

h(x)=

ViE—oiw VI e V2E 1_[w_x]2'
2E V VoE
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w?x%(t)

W3 3akona coxpaHeHUs SHEPTUU SCHO, UTO 3

V2E V2E

<T. TTonoxkum AZT' B ganbueiinem OymeT fcHO, uTo |x(t)| uHO-

< E, otryga |x(t)|<<

rga pocturaeT 3HaueHusa A. Uwmciao A HaswiBaercA amnaumydoil pac-

1
cMarpuBaemMoro kKojebanus. Umeem: Vﬁzw_A’ ¥ HYKHO BBIUYHCJINATH
1nepBoobpasHyo AJsa GYHKIUN
1

A

s aToro cHavasa BEIYKUCIUM IIPOU3BOAHYIO OT (YHKIIMM y=—arcsin x,
obparHO# K QyHKIUM x=sin y npu y=[—r/2, n/2]. Ilo npaBury nup-
depeHIIUPOBaHUA 0OpaTHON (PYHKINHU

_1
(sin y)

. 1 1
y—arcsinx  COs arcsinx  cosa’

(arcsin x) =

roe g=arcsin x — Takoi yroJ, 4uto sin a=x u —rx/2<a<rn/2. Ilo-
aTomMy cos @ >0 u cos a=V 1—x2. Uraxk,
1
Vi—x?
ITo ¢popmyne guddepeHIIuPOBAHNA CIOMKHON (PYHKIIUU MOJIyUaeM:

[arcsm z]’_l.;
Al A

OTKyZa mepBooOpasHaa AJA GYHKIUU A(X) nMeeT BU

(arcsin x) =

1 .Xx
:IZZ arcsin .

x J—
=
MIPOM3BOJIbHAA IOCTOSIHHAA. YMHOKasi 00e YacTu paBeHCTBa Ha —w,
IpUMeHsAsd PYHKIHNIO sin K 00emM YacTAM W yMHOMKas o0e JUacTH IIOJIy-
YUBIIIETOCS PAaBEHCTBA Ha A, ToJydaeM

x=A sin(F+w(t—t,))=-1-A sin(wt-}+¢),

rfie ¢ — IIPOM3BOJIbHAA IIOCTOAHHAA, HasbIBaeMasa cdsuzom gasvi. Kera-
T, 6epa p=¢, +, moayuum sin(wt-+¢@)=— sin(wt+¢,), TaK 4TO BHI-
0opoM ¢ MOKHO MeHATh 3HaK mepex A. Takum o6pasoM, ecau CUNTATH
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CcOBUT (Pa3bl MPOM3BOJBHBIM, TO MOYKHO OILY-
CTUTHh -+, ¥ OKOHUYATEJLHO II0JIy4aeM:

x(t)=A sin(wt+p). (5)

JIeTKO HEemOoCpeICTBEHHO IITPOBEPUTH, UTO
Takaag QYHKIuA x(¢) saBAsgeTCA pelleHueM
ypaBHeHua (2) y:Ke mpu Bcex t. Beamuwmua o
Ha3bIBaeTCA KPY2060iL 1aAcmomoil KoJaeOaHUs.

2
ITepuon xosiebammsa T=£.

IIpumep 2. Paccmorpum HacToAIIWH
MaTeMaTuuUecKuil MmaaTHUK (puc. 28).
Ilycts | — pyimHA ero HUTHU, M — Macca Ima-
puka (Majoro pasMepa IO CpaBHeHUIO C [),
MMOABEIIEHHOTO Ha HUTH, a X=x(t) — YroJl OTKJIOHeHWSA MasiTHUKA
OT HUKHETO HOJIOMKEeHUS pPaBHOBecus. PaccMaTpuBas CHJIBI, JeHCTBYIO-
e Ha IIapuK, U YCKOPEeHWe IapuKa, MOKHO IIOJYYUTH ypaBHEHUE

mlx"" =—mg sin x

nin

x”=—§ sin x. (6)

3aKOH COXPAaHEHUS SHEPTUU HMeeT BUJ
7\2
%—f—%(l—cos x)=E.

ITonb3ysich BTUM TOUHBLIM 3aKOHOM, MOKHO HAWUTH CKOPOCTDH IApU-
Ka B Jr000Ii TOUKE X 1 BCe AelCTBYIOIMe HAa HEero B 9TOW TOYKEe CHJIBI.
ITpu maneix x ypaBHeHue (6) mIpUOJTMIKEHHO 3aNMMCHIBAIOT B BUIE

x”=—§x,

YTO COBIIaJAeT ¢ ypaBHeHUeM (2), HO C w=‘/§ . ITosTOMy MOKHO OXKU-

IaTh (M 9TO HA caMOM JeJie TaK), YTO IPU MAaJIbIX OTKJIOHEHUAX MasiT-
HUKa OT MHOJIOKeHUS paBHOBecus pemrenHusa (6) 6yayT OJusKu K perie-
HuaMm Buza (5). IIpu sToMm mepmon MasbIX KoJieOaHUIT paBeH

T=2—ﬂ=27r‘/z.
o g

IIpumep 3. PaccMoTpuM KoJsebOaHUWsA HMapuMkKka Ha IPY-
KUHKEe C YIETOM TPEeHHUS, CUNTAA TPEHUE MMPOMOPIIMOHATILHBIM
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ckopocru. Torma k cmme ympyroctm 4*()
NPYKUHKYU IPUOABIAETCA CUJIA TPEHUA
FTp=—bx’ , U ypaBHeHHe MOpuobpeTaer N
Bun: mx"’=—kx—bx', nuan e
/\\\7\:»—:” !
x4y x'+wlx=0, (7 N
me y=2, w—1/%. Tonpobyem pe-
ne y=-_- _ poGyem D p
muTh ypaBHeHnue (7). as aToro BBeIEM Puc. 29

HEM3BECTHYIO (QyHKIumio y(f)=e* x(t).
YToOBl COCTABUTL [JsI HeE ypaBHeHMe, moiacTaBuM x(f)=e *y(t)
B ypaBHeHue (7). HIuddepeHnupys, moayuaaem:

X' (t)y=e “y'(t)—ae *y(t),
x"(t)y=e*y" (t)—2ae~*y (t)+a’e*y(t).

IToacraBnasa sty BeIpa:kenus B (7), nuMmeeM:

e Y O+ (r —2a)y () +(a® —ra+o?)yt)=0.

YTo0Bl YHUUTOKUTD WieH ¢ y'(¢), BO3bMEM a=£. Torma mocye cokpa-

[eHUA Ha e~ % moayuum ypaBHEHHE

2
y'()+iy(t)=0, rae w,= wz—%.
Byzem cumraTh, YTO TpeHHe He OYeHb BeJIMKO, TaK 4To w’ >y?2/4.

Torga gna y(t) monydaem ypaBHeHHe BHAa (2), HO C &; BMeCTO .
IToaromy y(t)=A, sin(wt-+¢), u

x(t)=A,e 72 sin(w,t+¢), (8)

3/leCch IIOCTOSIHHBIe A, M ¢ MOTryT OBITH OIpejeseHbl U3 HaUaTbHBIX
yeaosuit x(0)=x,, x'(0)=v,.

dopmyna (8) omumcwiBaeT 3aryxarinue Kojsebanus. I'padux x(%)

UMeeT BHUJI KOJeDaHUIl ¢ aMILIUTY0M, yOLIBAIOIIEN II0 3aKOHY Ale*ﬂ/ 2
(puc. 29). TpeHne yMeHBIIaeT W YACTOTY KOJeOaHWI, Tak KaK & < .
Ecau y=0, To dopmyna (8) nmepexonut B popmyay (5), OIUCHIBAIONITYIO
KoJyiebaHUSA 0e3 TPeHUd.

54. TIpenmoJyio:KUM, UTO BIOJL Bceil 3eMHOM ocu oT CeBepHOTO IIO-
aoca K HOKHOMY IPOPBIT KOJOAEN, U KaKO-TO IIpeAMeT YPOHUJIN
B BTOT KoJiozell (6e3 HauabHOII cKkopocTu) Ha CeBepuHoM mosrroce. Kak
OH OyzeT mBUraThbca? 3a KaKoe BpeMs OH JOCTUTHET IeHTpa 3eMJau?
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Hocturuer su o IO:xkHOTO mostoca? Ilpum pelteHUMuM HAIO MCIOJIb30-
BAThb TOT (DAKT, UTO HA HEOOJILIIIOE TEeJIO, HaXOAAIlleecsa BHYTPU 3eMHO-
ro mapa Ha pPacCTOAHUM d OT ero IeHTpa, NeHCTBYET CUJa IIPUTIKE-
HUA, HaIpaBJIeHHAA K IEHTPY 3eMJIM M PaBHAA II0 BEJIUYUHE CUJIE
MPUTAKEHUS er0 MaTepPUaJbHON TOUKOI (PACIIOJOMKEHHON B IIeHTpEe
3eMin), MMeEOIIEll Maccy, PaBHYIO Macce JIMIIb TONW YacTu 3eMHOTO
mapa, KoTopasd IomajgaeT B Imiap paamyca d ¢ IeHTPOM B IIeHTpe 3eM-
au (9TO yTBep:KIeHUe, NoKasaHHoe HBI0OTOHOM, PaBHOCHJIBHO TOMY,
YTO €CJIM eCTh TOHKAas OJHOPOAHAA chepa, TO BHYTPU HEE BCE CUJIBI
IPUTSKEHNA yPaBHOBEINIUBAIOTCA, a CHAPY)KU €€ HNPUTAKEHUE TaKO-
BO, Kak ecyii ObI Bcs Macca ObLiIa cocpemoToueHa B meHTpe). Ilpu pe-
IIEHUH 3aJaYl CUUTATh, UTO IIOTHOCTh 3€MJIM BCIOAY IIOCTOAHHA. Pa-
muyc 3emuu paBeH 6400 kM. CompoTuBIeHHEeM BO3AyXa IpeHe6peUb.

55*%, Ha IO:xkHOM moJstoce 3eMJM yCTAaHOBJIEHA IYINKA, AYJO KOTO-
POl HAIpPaBJIEHO BEPTUKAJLHO BBepX. M3 5TOM MYIIKU BBICTPEJINJIN
cHapagoM. IIpeHeOperas CONPOTHBIIEHMEM BO3QyXa U MPUTAKEHUEM
BO3AyxXa W 3eMJId K APYTUM HeOeCHBIM TejaM, ONKCaTh, Kak OyAeT
MEHATHCSA CKOPOCTh CHapAAa B 3aBUCHUMOCTH OT PACCTOSHUA OT CHa-
paza no 3emau. C Kakoil CKOPOCTHIO MOJI’KEH BBLIETETH CHAPAL, UTO-
ObI OH HMKOTZA He BepHYJICA Ha 3eMJII0?

56*%. Pemuts ypasHeHne y’ —k2y=0 u ¢ IOMOIIBIO BTOTO pellle-
HUA ONHCaTh KOJIeOaHUA IMapuKa Ha NPYKWHKEe C OOJIBIIINM TPEHU!-
eM, T. e. Ipu ycaoBuu w?<y?/4 B obosHaueHNAX mpumepa 3. CKOMIb-
KO pas B 9TOM cJyuae perienme x(t) Mo:keT obpamiaThbcad B HOJb?

OTBETbl U YKA3SAHMA K 3AAAYAM

§ 1.
1. 48 km/u. 2. a<0, b>0, ¢>0. 3. Cm. puc. 30. 4. y=4—x. 5. 17; —3.
6. a) 4006x(x?+1)2°°2; 6) 2x cos x2; B) L; r) 2xe*’; 1) e*-e"; e) — sin x cos cos x;

Y x?+1
8) %x4(x5~|»1)*9/1°. 7. 1/4. 8. Ecau moMecTUTh HAYAIO KOODAWHAT B IEHTDP OKPYKHOCTH

U HAIPaBUTh OChb X Ty/Ja, I'Ie ABUIKYIAsCA TOYKA HAXOAUTCS B HAUYAJIBbHBIA MOMEHT t=
=0, To x=R cos wt, y=R sin wt, rie R — paguyc OKPyXHOCTHU, ) — YIJIOBas CKOPOCTH
nBmkeHusa (w >0, ecsin ABU)KEeHUE IPOUCXOLUT IIPOTUB YACOBOM CTpesnku, u w< 0, eciau
10 yacoBoil crpenke). Torma BekTop ckopoctu uMeer Buj (—Rw sin wi, Rw cos wt) u mep-
MEeHJUKYJIAPEeH panuyc-BeKTopy (R cos wt, R sin wt), HalpaBJIeHHOMY U3 Ha4yajla KOOPAU-
HAT B JBIIKYIIYIOCA TOYKY, IIOCKOJBKY CKAJIAPHOE IIPOU3BEJEHVE JTUX BEKTOPOB DpaB-
HO HyJ0. 9. 9TOT OYTH COCTOUT M3 TAKWUX ABYX OTPE3KOB IIPAMBIX (OH IIPEJIOMJISETCS
Ha IpaHUIle cpejl), YTO eclu a,, &, — YIJIbI 3TUX OTPE3KOB C MePHeHAUKYJIAPOM K Ipa-
sinq; sina,

Hune cpen (puc. 31), To >

1 2

§ 2.
10. a) 8; 6) 1001; B) 45; r) 33; m) 2003; e) 5; €) 100; x) 2003; 3) x. 11. Yk a-
3aHMe: B3AThL JorapudM c ocHoBaHHeM b OT obemx uacTeii (opMynbl a'°fa*=rx.

12. Y Kas3aHUe: BOCIOJL30BATHCSA pesyibraToMm 3agauum 11 ¢ x=b. 13. a) 4,6;
6) —2,3; B) 1,6; r) 0,7; n) 1,5; e) 0,69; €) 3,2; x) 3,0; 3) —0,69; u) —4,6; it) 22 000.
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Vrasanne: log,,e%=10log, e~4,34, orxyna e~
~ 104,100,3.100,04 ~ 104‘1010g10 2‘100,04 — 2-104-60’041" 10
~2.10%-e%'~2.10%(1+0,1)=22 000. 14. a) log, 3>
>log, 4. Yxasauue: 2log, 3=log, 9>>3, 2log, 4=
=log, 16<(3; 6) log, 7>log, 8. YxasaHwue: mpose-
puTh, uro 5 log, 7>6>51log, 8. 15. log, 3~1,6. YV k a-
3aHMe: Jud BeluucIeHHa log, b ¢ Tounocreio mo 0,1
TOCTATOYHO YKasaTh Takoe Ienoe 71, uro n<_10log, b<
<n-+1, 7. e. a"<<b'®<a"t'. 16. Cm. ykasaHume K 3a-
maue 15. 17. YKkasauue: 3ameHuth e Ha 2,7=
=0,1-3% u ucnosBL30BaTH YKasaHUe K 3ajgade 15. 18. a) %,

6 1 2xInx | 1 1
) 2(x*F+1) @212 B) xInx’ ) x1ln

3x?
e) m 19. YVKaszauue: HCOOIb3Yys (POPMYJIY

ounoma HproToHa, mJOKasaThb, 4TO
R (T I (e
o (=)= - ).

nt1 n
OTCIO[la BBITEKAeT, UYTO [l—i—%ﬂ] >[1+%] . Paccmo-

TPpeTh OTHOIIIEHMEe

I e e L R

T
—%[1—%]{1—21[1—§ i]—... 1+%]<

1 1 1
<[1—z+z—nz 2n3[+] =5 — o <L

5 ) 2% 1n 2;

2n

OTKyZa [1+%]n+1<[1+%]n. 20. YkasaHue: BOC-
OJIB30BAThCS pe3ysbTaToM 3agadu 19.

§ 3.

21. a) 3,75; 6) 0,5; B) In2. 22. a) 1; 6) 6547,2;
B) In 2; I‘) 444; n) 2/3' e)0 8(2%—1); 8) e?—e; x) %
23. a) 6 +c 6) — cos 2x+C; B) 3x1/§+c r) 4e4"+
+C. 24, YK a3 aHue: JOCTATOUHO PACCMOTPETH OTHEIHLHO
cayuau f(x)=1, f(x)=x, f(x)=x>.

§ 4.

25. 2. 26. Hennss; miomags paBHa 4, a uHTe-
rpan paser 0. 27. 4/3. 28. Cm. puc. 32. 29. n(b—a)X
2 2

X Rz—% , Tne R— paguyc miapa, a, b— paccro-

AHWA OT I[EHTPA IIapa [0 CeKYIUX ero miockocrei (b >a).
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Yy 30. [Ina mupamMuabpl U KOHycCa OOBEM V=%Sh, roe S —

ILUIOIAaAb OCHOBAHWA, I — IJIMHA BBICOTHI; [JIA YCEUSHHON
. 1
MUPAMUILI U YCEUEHHOTO KOHyca V= §(81+]/SISZ+SZ)h,

rae h — JJKWHA BBICOTHI, S, S, — IJIONUAAKM OCHOBAHU.
y=chx 1 1 .
x 32, R VYV Kk asaHue: 3anucarb
y 1F4-2 . nt 1 (1), (2 n\¢
B (3] 3 )
¥ I[0Kas3aTb, YTO IPU N—>oco 3JTa CYMMa CTPEMUTCS
y=shx 1
X & {xtdx.
0
§ 5.
33. 200 pgmeii. 34. 1600 mer. 35. 10° mer. 36.
7000 sert.
y § 6.
yi;,;}:xﬂﬁli 7777777 ) 37. 5(2+V2)~17 mun. 38. 27 c. 39. Boga Guicrpee
X  BhITeyeT M3 BOPOHKM, OGPAIEHHON BEPIIMHOM BHU3; IIPH-
mepHO B 2,7 pas 6bictpee; 4,5 v u 1 u 40 mun. 40. 4 4.
—_ __ -1 41. 2 y 50 munH. 42. 40 mun. 43. 0,5 xr. 44. 10 mu=H.
45. 8 u 15 muH.
Puc. 33 §7.
4,
46. 20 <34 xm.
]
§9.

47. 50 c; 15 M. 48. 6) 11 ¥m/u; B) 8,2 m; 1) uepes 25 c. 49. 6) Yepes 1,15 c;
B) 17,5 m. 50. a) Cm. puc. 33. 51. 1,7 ¢, 16 m; Ge3 yuéra CONPOTUBJIECHUS BO3xyXa 2 c,
20 m. 52. 2,1 ¢, 17,5 m/c; Ge3 yuéra compoTuBJeHUA Bo3ayxa 2 ¢, 20 m/c.

§ 10.
53. v, +gt—uy In M <330 w/c.
§ 1.

54. PaccTosiHue OT IeHTpa 3eMJHU A0 IaJaloliero Teja O0yJeT MeHSThCS 10 3aKOHY
g
R

a IO:xHOrO mOJIIOCA 3a BpeMs n'/§~42 muH. 55. v=0,1/ 1

©_ /R
. Teno mocturuer menTpa 3eMau 3a BpeMs 3 E ~21 mumH,

2¢R |, 2R%g
T rvz ’
CKODPOCTh CHApAMa, U, — HaYaJbHAdg CKOPOCTh CHApAAa B MOMEHT BEICTpeNa, ' — pac-
cTofgHUe OT CHapfAzga Ao 3emiau, R — paaumyc 3emMiau; CHapsAL He BepHETCA Ha 3eMIIIO,
ecnn v, >V 2¢gR~11,2 xm/c. 56. Pemenue Bcerna MosxeT OBITH IIPEACTABJIEHO B JIIO60M
us IByX BufoB y(t)=C, e C,e™", y(t)=A, ch kt+4-A, sh kt. B 3aBHCEMOCTH OT COOTHO-
meHuit mMexay mocroanHbiMu C; u C, unu A, u A, OHO MOKeT ObLITh TaKxe IIpeJcTa-
BJIEHO B OZHOM U3 CIeIYIOIIUX 4YeThIPEX Bujos: Ae®, Ae—, A ch (kt-+r,), Ash (kt-+rp),
rge A U r, — TIPOM3BOJLHEIE IIOCTOSHHEIE, IIPHUEM DeIlleHHe, He PABHOE HYJIO TOXKZe-
CTBEHHO, MOJKET ObITh IIPEACTAaBJIEHO POBHO B OZHOM M3 3TUX UYeTHIPEX BuA0B. Takoe pe-
IIeHVe MOJKeT o0pallaThCA B HYJb He 6ojiee, YeM OJUH pas.
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x(t)=R cos wt, Tae W=




